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Combinatorial Designs

* a set of v points

a,b,cde f,g
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Combinatorial Designs

* a set of v points
ab,cde f,g

* a set of blocks (block := set of points)
abe,adg,acf,bcg, bdf,cde,efg
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Combinatorial Designs

* a set of v points
ab,cde f,g

* a set of blocks (block := set of points)
abe,adg,acf,bcg, bdf,cde,efg

 t—(v,k,A) Design
each block is a k—set
each t—set of points is in exactly A blocks

2 —(7,3,1) design
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Combinatorial Designs

H

This Is a selection problem in the lattice of all subsets
of {a,b,c,d,e, f,g}
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Combinatorial Designs

This Is a selection problem in the lattice of all subsets
of {a,b,c,d,e, f,g}
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Combinatorial Designs

<:> 1100100 1001001 1010010 0110001 0101010 0011100 ionl <:>

2sets

000000 0100000 001000®001000 0000100 0000010 0000001

0000000

This Is a selection problem in the lattice of all subsets
of {a,b,c,d,e f,¢}=1111111
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Combinatorial Designs

1111111
0111111 1011111 1101111 1110111 1111011 1111101 1111110
S T —

<:> 1100100 1001001 1010010 0110001 0101010 0011100 ionl <:>

2sets

000000 0100000 001000®001000 0000100 0000010 0000001

0000000

This is a selection problem in the lattice-ef-al-subsets
of{abede,f-¢=111111=Hamming Graph
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Combinatorial Designs

- Fano plane

UNIVERSITAT f
BAYREUTH
—_1n.8/42




Designs over Finite Fields

* a set of v points
* a set of k—blocks

* t—(v,k,A) Design
each t—set of points Is in exactly A blocks
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Designs over Finite Fields

* a-setofovpoints
linear v—space IFg

* a set of k—blocks

* t—(v,k,A) Design
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Designs over Finite Fields

* a-setofovpoints
linear v—space IFg
* asetofk—blecks
a set of k—spaces in IF;’

 t—(v,k,A) Design
each t—set of points Is in exactly A blocks
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Designs over Finite Fields

* a-setofovpoints
linear v—space IFg
* asetoefk—blecks
a set of k—spaces in IFE;
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v, k, ) q—DeS|gn
each t—space of ]Fg IS In exactly

A of the chosen k—spaces
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Combinatorial Designs

* A selection problem in the 'Linear Lattice’ of all
subspaces of IF;’
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Combinatorial Designs

* A selection problem in the 'Linear Lattice’ of all
subspaces of IF;’

0

size given by the g-binomial coefficients [ 3

] ‘= number
q

of the k—subspaces of IFy.
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Current State

nown:
* Thomas (1987): first to study, 2—designs
* Braun, Kerber, Laue (2005): first 3—design
open problems:

* g—analog of the Fano plane?
e Steiner systems ? (A =1)
* t>3? (uptot =29 in classical case)
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Network Codes

Model (Kotter, Kschischang) \ /

N

Receiver
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Network Codes

Model (Kotter, Kschischang) \ /

one codeword:
* vectorspace V < IF5

N

Receiver
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Network Codes

Model (Kotter, Kschischang) \ /

one codeword:
* vectorspace V < IF5

one vertex In the network:

* receives several v; € V / \@
O

* sends random combination
of the 0; (: EXOR) Receiver
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Error Correcting Network Codes

odeword:
* subspace of IF5
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Error Correcting Network Codes

‘codeword:

* subspace of IF5

distance d:

* graph theoretic distance in the Hasse diagram of
the subspace lattice of IF5
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Error Correcting Network Codes

codeword:
* subspace of IF5

distance d:

* graph theoretic distance in the Hasse diagram of
the subspace lattice of IF;

Uw <IF;:

d(U,W) =dim(U) +dim(W) —2dim(UN W)
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Error Correcting Network Codes

r a fixed d:

find a set of subspaces of IF5 with pairwise
distances > d
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Error Correcting Network Codes

r a fixed d:

find a set of subspaces of IF5 with pairwise
distances > d

fix also dimension k of the subspaces:

find a set of k—dimensional subspaces of IF5
with pairwise distances > 2d
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Error Correcting Network Codes

r a fixed d:

find a set of subspaces of IF5 with pairwise
distances > d

fix also dimension k of the subspaces:

find a set of k—dimensional subspaces of IF5
with pairwise distances > 2d

constant dimension codes ~ g— analog of constant
weight codes
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Construction

riginal problem

find a set of k—dimensional subspaces of IF;
with pairwise distances > 24
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Construction

riginal problem

find a set of k—dimensional subspaces of IF;
with pairwise distances > 24

modified version

find k—dim. subspaces {Vj, ..., V,} in [F§ such that
the pairwise intersection is at most 1—dimensional
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Construction

original problem

. find a set of k—dimensional subspaces of IF;
with pairwise distances > 24

modified version

find k—dim. subspaces {Vj, ..., V,} in [F§ such that
the pairwise intersection is at most 1—dimensional

= code with minimum distance > 2(k — 1)
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Combinatorial Designs

This Is a selection problem in the lattice of all subsets
of {a,b,c,d,e, f,g}
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Singer Cycle

* On IFJ acts the Singer cycle S
* l.e. multiplication in IF»» with non-zero elements
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* On IFJ acts the Singer cycle S
* l.e. multiplication in IF»» with non-zero elements

¢ inducing action of S = (IF)" on the k—spaces
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Singer Cycle

* On IFJ acts the Singer cycle S

* l.e. multiplication in IF»» with non-zero elements

¢ inducing action of S = (IFp»)" on the k—spaces

find a Singer orbit O on the k—dim. subspaces of
IF5 such that the pairwise Intersection of the

V: € O Is at most 1—dimensional
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Singer Cycle

* typical Singer orbit on k—spaces has 2 — 1
elements

* like in the case of the action on I3
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Singer Cycle

* typical Singer orbit on k—spaces has 2 — 1
elements

* like in the case of the action on I3

» for v large enough there are 'good’ orbits having
above 1—dim. intersection property
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Singer Cycle

* typical Singer orbit on k—spaces has 2 — 1
elements

* like in the case of the action on I3

» for v large enough there are 'good’ orbits having
above 1—dim. intersection property

* good orbit = code with 2 — 1 codewords and
minimum distance > 2(k — 1)
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Description of Singer orbit

* Given a k—dimensional space {uy,...,uy_1,0} <
]F‘U
2
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Description of Singer orbit

* Given a k—dimensional space {uy,...,uy_1,0} <
]F‘U
2

* take {uy,...,ux_4} as elements in the field Fyo

* action of S is multiplication in Fyo
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Description of Singer orbit

* Given a k—dimensional space {uy,...,uy_1,0} <
]F'U
2

* take {uy,...,uyx_4} as elements in the field [Fy
* action of S is multiplication in Fyo

° pairwise quotients u;/u; are invariant under the
action of S
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Description of Singer orbit

* Given a k—dimensional space {uy,...,uy_1,0} <
]F'U
2

* take {uy,...,uyx_4} as elements in the field [Fy

* action of S is multiplication in Fyo

° pairwise quotients u;/u; are invariant under the
action of S

* describe a complete orbit by the pairwise
2(§)quotients
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Example

=3, 3—space = {0,1,4,10,18,23,25}
= exponents of a generator of IF5, (only for the example)

UNIVERSITAT
BAYREUTH
—1n.21/42




Example

k=3 ,3—space = {0,1,4,10,18,23,25}
= exponents of a generator of IF5, (only for the example)
orbit graph G

25

4
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good orbits

emma: O Is a good orbit <= all the pairwise
guotients are different
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good orbits

~ Lemma: O iIs a good orbit <= all the pairwise
guotients are different

find a k—dim. subspace of IF such that the
pairwise quotients are all different

=code with 2Y — 1 codewords and minimum distance
>2(k—1)
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good orbits

Lemma: O Is a good orbit <= all the pairwise
guotients are different

find a k—dim. subspace of IF such that the
pairwise quotients are all different
=-code with 2 — 1 codewords and minimum distance
>2(k—1)
find a set {V4,...,V},} of ‘combinable’ k—dim.
subspaces of IF5 such that the pairwise quotients
are different

= code with b(2° —1) codewords and minimum
distance > 2(k —1)
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results

number of
k|l b codewords 2d
3| 555 | 555- (215 — 1) — 18185685 | 4
3| 1056 69204960 4
3| 2108 276297668 4
3 | 4032 1056960576 4
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Decoding

* special case: single orbit (b = 1)
* number of codewords 2° — 1
* message Is a 3—space V < IF5
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Decoding

* special case: single orbit (b = 1)
* number of codewords 2¢ — 1
* message Is a 3—space V < IF5

as d = 4. two possible cases in decoding:
* one erasure (we received a 2—space U < V)
* one error (we received a 4—space U > V)
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Erasure

* received a2—space U = {xq,xp,x3,0} <V
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Erasure

* received a2—space U = {xq,xp,x3,0} <V
* compute x1/ x>

UNIVERSITAT
BAYREUTH
—_1n.25/42




Erasure

* received a2—space U = {xq,xp,x3,0} <V
* compute x1/ x>

» find the edge x7x5 with label x{/x, in the orbit
graph Gp
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Erasure

received a 2—space U = {x1,x2,x3,0} <V

compute xq/x»

fino
gra

mu

the edge x7x5 with label x1/x, in the orbit

olg Go
tiply x; with an edgelabel u from G giving a

third base element ux; of V- = (xq, xp, uxq)
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Erasure

* received a2—space U = {xq,xp,x3,0} <V
* compute x1/x»

» find the edge x7x5 with label x{/x, in the orbit
graph Go

* multiply x; with an edgelabel u from G5 giving a
third base element ux; of V- = (xq, xp, uxq)

* costs: one multiplication (ux7) and one division
(x1 /XQ) N Isz
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Error

* we received ad4—space U >V
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Error

* we received ad4—space U >V
* choose a random 3—subspace W < U,
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Error

* we received ad4—space U >V
* choose a random 3—subspace W < U,
* we know: WN V is at least 2—dimensional
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Error

we received ad4—space U >V

* choose a random 3—subspace W < U,

* we know: WN V is at least 2—dimensional
* loop overthe 7 2—dim subspaces of W
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Error

* we received a4—space U >V

* choose a random 3—subspace W < U,

* we know: WN V is at least 2—dimensional
* loop overthe 7 2—dim subspaces of W

* at least one of it Is a 2—dim subspace of V' and
we can apply the erasure algorithm, including a
check whether the third constructed vector is in U
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Error

we received ad4—space U >V

choose a random 3—subspace W < U,
we know: W NV is at least 2—dimensional
loop overthe 7 2—dim subspaces of W

at least one of it Is a 2—dim subspace of V and
we can apply the erasure algorithm, including a
check whether the third constructed vector is in U

worst case costs: 7 divisions and 7 multiplications

UNIVERSITAT
BAYREUTH
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Generalisations

* It works for b > 1, you have to store the
representing guotient-set for each orbit
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Generalisations

* It works for b > 1, you have to store the
representing guotient-set for each orbit

* It works for k > 3, the number of 2—subspaces is
Increasing
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Generalisations

* It works for b > 1, you have to store the
representing guotient-set for each orbit

* It works for k > 3, the number of 2—subspaces is
Increasing

* |t works for all finite fields
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Il - Large Network Codes




good orbits

* Restrict to codes from good orbits = intersection
of two k—dim. codewords in the Singer orbit is at
most one-dimensional.
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good orbits

Restrict to codes from good orbits = intersection
of two k—dim. codewords in the Singer orbit is at
most one-dimensional.

Describe a ’bad’ basis (representing a non good
orbit) as a [Fyv -solution b4, .. ., by of at least one of
the equations for identical quotients:

la _ I
L 1y

with [, one of the (2"—1) nonzero IF,—linear

combination of the b]-.
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good orbits

» at most (2 — 1)* equations
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good orbits

» at most (2 — 1)* equations

» one equation has at most 2 (2° — 1)*~1 solutions
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good orbits

» at most (2 — 1)* equations
» one equation has at most 2 (2° — 1)*~1 solutions

> number of bad bases (<(2¢ — 1)%.2-(2° — 1)1
IS slower increasing (with increasing v) than the
number of all bases (about (2° — 1))
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good orbits

* number of equations can be reduced from
(Zk - 1)4
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good orbits

* number of equations can be reduced from
(2k - 1)4

-to[I;] +28[k] +280[Z]
2 3 2 2
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good orbits

* number of equations can be reduced from
(Zk - 1)4

-to[k] +28[k] +280[Z]
2 2 3 2 2

Lemma: for v > 4k — 6 there are good orbits.
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combinable orbits

* given one good orbit again only a 'small’ number
of orbits are excluded
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* given one good orbit again only a 'small’ number
of orbits are excluded

* same argument: a small number of equations
with a small number of solutions
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combinable orbits

* given one good orbit again only a 'small’ number
of orbits are excluded

* same argument: a small number of equations
with a small number of solutions

* a naive greedy algorithm then already gives a
huge number of combinable orbits
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combinable orbits

* given one good orbit again only a 'small’ number
of orbits are excluded

* same argument: a small number of equations
with a small number of solutions

* a naive greedy algorithm then already gives a
huge number of combinable orbits

> e.g. k = 3,v = 64 gives 10!° orbits of 264 — 1
codewords
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combinable orbits

given one good orbit again only a 'small’ number
of orbits are excluded

same argument: a small number of equations
with a small number of solutions

a naive greedy algorithm then already gives a
huge number of combinable orbits

e.g. k = 3,v = 64 gives 10'° orbits of 264 — 1
codewords

e.qg. k = 4, v = 128 gives 103* orbits of 2128 — 1
codewords
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coding/decoding

* using the idea described for a single orbit we now
have to store a representative for each of the

10'478¢ orbits
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coding/decoding

- e using the idea described for a single orbit we now
have to store a representative for each of the

10'478¢ orbits

* a much better idea Is needed to avoid storing this
huge number of quotient sets
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new construction

* new Idea: use a systematic way to find (and label)
combinable orbits (not a naive greedy algorithm)
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new construction

- * new idea: use a systematic way to find (and label)
combinable orbits (not a naive greedy algorithm)

* to construct a code with k—dimensional
codewords in [F,2, we start with k affine lines in

IF 220
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new construction

* new Idea: use a systematic way to find (and label)
combinable orbits (not a naive greedy algorithm)

* to construct a code with k—dimensional
codewords in [F,2, we start with k affine lines in

]F 220

» for each line we have a map
b : Foo — Fo2o : t +— a; + s;t for some a;,s; € Fy2
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new construction

new idea: use a systematic way to find (and label)
combinable orbits (not a naive greedy algorithm)

to construct a code with k—dimensional
codewords in [F,2, we start with k affine lines in

]F 220

for each line we have a map
b : Foo — Fo2o : t +— a; + s;t for some a;,s; € Fy2

iIdea: use t to label the 2Y k—dimensional
subspaces (b (t),...,bx(t))
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new construction
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new construction

* we have to make sure, that the k points on the line
a linearily independent
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new construction

| * we have to make sure, that the k points on the line
B a linearily independent

* similar argument gives: for a fixed set of
parameters a;, s; the number of independent
points is at least 2 — 2% + 1, in praxis
Independent for all ¢.
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new construction

* we have to make sure, that the k points on the line
a linearily independent

* similar argument gives: for a fixed set of
parameters a;, s; the number of independent
points is at least 2 — 2% + 1, in praxis
Independent for all ¢.

* now look at the orbits of each space
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new construction

we have to make sure, that the k points on the line
a linearily independent

similar argument gives: for a fixed set of
parameters a;, s; the number of independent
points is at least 2 — 2% + 1, in praxis
Independent for all ¢.

now look at the orbits of each space

to check whether good and combinable we have
to look at the (2F — 1)(2X — 2) quotients
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new construction

| ¢ these are circles in the Miquelian inversive plane
(finite analogue of Riemann sphere)
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new construction

* the non-combinable condition corresponds to a
Intersection of two circles with the extra condition,

that intersection must happen for the same value
of t.
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new construction

~ * the non-combinable condition corresponds to a
B Intersection of two circles with the extra condition,
that intersection must happen for the same value
of ¢.

* we call this set of parameters the exceptional set
of the code (given by the k lines (= pairs a;, s;) )
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new construction

the non-combinable condition corresponds to a
Intersection of two circles with the extra condition,
that intersection must happen for the same value
of ¢.

we call this set of parameters the exceptional set
of the code (given by the k lines (= pairs a;, s;) )

k = 3, 2v = 64, experiment gave an example with
an exceptional set of only 234 parameters. This
gives a code of minimum distance 4 and

(26% — 1)(2%* — 234) codewords
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new construction

the non-combinable condition corresponds to a
Intersection of two circles with the extra condition,
that intersection must happen for the same value
of ¢.

we call this set of parameters the exceptional set
of the code (given by the k lines (= pairs a;, s;) )

k = 3, 2v = 64, experiment gave an example with
an exceptional set of only 234 parameters. This
gives a code of minimum distance 4 and

(26% — 1)(2%* — 234) codewords

k = 4, 2v = 128, smallest exceptional set had

7044 elements —> Code with (2128 —1)(26% — 7044)
codewords
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encoding/decoding

* central idea Is to prepare a 'backup code’ for the
small exceptional set
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encoding/decoding

~ * central idea Is to prepare a 'backup code’ for the
B small exceptional set

* prepare two codes C; and a backup code C; (i.e.
use random affine lines and compute the
exceptional sets, which must be disjoint)
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encoding/decoding

central idea Is to prepare a 'backup code’ for the
small exceptional set

prepare two codes C; and a backup code C; (i.e.
use random affine lines and compute the
exceptional sets, which must be disjoint)

now use C, If parameter t is from the exceptional
set of Cq, check that for these cases the quotients
of C, are not in Cy
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encoding/decoding

central idea Is to prepare a 'backup code’ for the
small exceptional set

prepare two codes C; and a backup code C; (i.e.
use random affine lines and compute the
exceptional sets, which must be disjoint)

now use C, If parameter t is from the exceptional
set of Cq, check that for these cases the quotients
of C, are not in Cy

prepare one further parameter ty such that the
corresponding code in C, Is combinable
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encoding/decoding

central idea Is to prepare a 'backup code’ for the
small exceptional set

prepare two codes C; and a backup code C; (i.e.
use random affine lines and compute the
exceptional sets, which must be disjoint)

now use C, If parameter t is from the exceptional
set of Cq, check that for these cases the quotients
of C, are not in Cy

prepare one further parameter ty such that the
corresponding code in C, Is combinable

we have 2Y + 1 combinable Singer orbits each of
length 22? — 1
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encoding/decoding

or encoding we will transform a bitsequence (t,z) €
[Foo X Fy2y iNto @ k—dim subspace of IF,..
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encoding/decoding

For encoding we will transform a bitsequence (t,z) €
[Fpo X Fy2 into @ k—dim subspace of Fyz,.

* tIs the parameter to select the orbit (typically In
C1, In the exceptionally case from C»p)
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encoding/decoding

~ For encoding we will transform a bitsequence (t,z) €
[Fpo X Fy2 into @ k—dim subspace of Fyz,.

* tIs the parameter to select the orbit (typically In
C1, In the exceptionally case from C»p)

* choose the proper subspace from the orbit by
multiplying with z £ 0
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encoding/decoding

For encoding we will transform a bitsequence (t,z) €
[Fpo X Fy2 into @ k—dim subspace of Fyz,.

t IS the parameter to select the orbit (typically in
C1, In the exceptionally case from C»p)

choose the proper subspace from the orbit by
multiplying with z £ 0

If z IS zero use an space from the orbit with
parameter tq in C, and encode by (to, t11...11)
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encoding/decoding

or decoding we use the ideas from the easier case of
single orbit. We received a space U < Fy2
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encoding/decoding

or decoding we use the ideas from the easier case of

a single orbit. We received a space U < F,2

* loop over all 2—dim subspaces Z (unique to the
codewords)
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encoding/decoding

or decoding we use the ideas from the easier case of
a single orbit. We received a space U < F,2

* loop over all 2—dim subspaces Z (unique to the
codewords)

° compute one guotient x in Z
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encoding/decoding

or decoding we use the ideas from the easier case of
a single orbit. We received a space U < F,2

loop over all 2—dim subspaces Z (unique to the
codewords)

compute one quotient x In Z

compute for each circle in the quotient space the
parameter t giving the quotient x, this identifies

the orbit
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encoding/decoding

or decoding we use the ideas from the easier case of
a single orbit. We received a space U < F,2

loop over all 2—dim subspaces Z (unique to the
codewords)

compute one quotient x In Z

compute for each circle in the quotient space the
parameter t giving the quotient x, this identifies
the orbit

a division in F52, gives the translation factor z
Inside the orbit giving the decoding candidate W
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encoding/decoding

or decoding we use the ideas from the easier case of
a single orbit. We received a space U < F,2

loop over all 2—dim subspaces Z (unique to the
codewords)

compute one quotient x In Z

compute for each circle in the quotient space the
parameter t giving the quotient x, this identifies
the orbit

a division in F52, gives the translation factor z
Inside the orbit giving the decoding candidate W

check that dim(WNUu) > k —2
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encoding/decoding
or decoding we use the ideas from the easier case of
a single orbit. We received a space U < F,2

loop over all 2—dim subspaces Z (unique to the
codewords)

compute one quotient x In Z

compute for each circle in the quotient space the
parameter t giving the quotient x, this identifies
the orbit

a division in F52, gives the translation factor z
Inside the orbit giving the decoding candidate W

check that dim(WNUu) > k —2
return t, z with special care for the case t = t
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