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Motivation

From the lecture of Paul Zinn-Justin:

From the lecture of Alain Lascoux:
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Overview

• Combinatorial description of Schubert
polynomials Xπ(x)

• Combinatorial description of double Schubert
polynomials Xπ(x, y)

• Properties of Schubert polynomials
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Combinatorial Description

• Permutation π = [π1, π2, . . . , πn] ∈ Sn

. – p.4/20



Combinatorial Description

• Permutation π = [π1, π2, . . . , πn] ∈ Sn

• Rothe diagram (1800) of π

. – p.4/20



Combinatorial Description

• Permutation π = [π1, π2, . . . , πn] ∈ Sn

• Rothe diagram (1800) of π

[1, 3, 5, 6, 2, 4]→

×

×

×

×

×

×
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Combinatorial Description

Rothe proved that π and π−1 have the same number of
inversions.
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Combinatorial Description

Rothe proved that π and π−1 have the same number of
inversions.
Permutation π has an inversion at position (i, j) if j > i

and πi > πj.
Each inversion one box in the Rothe diagram:

[1, 3, 5, 6, 2, 4]→

×

×

� � ×

� � ×

� ×

×

The code of permutation π is the vector I = I1, . . . with
Ii :=number of boxes in row i
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Combinatorial Description

Rothe proved that π and π−1 have the same number of
inversions.
Permutation π has an inversion at position (i, j) if j > i

and πi > πj.
Each inversion one box in the Rothe diagram:

[1, 3, 5, 6, 2, 4]→

× 0
× 0
� � × 2
� � × 2
� × 1

× 0

The code of permutation π is the vector I = I1, . . . with
Ii :=number of boxes in row i
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Combinatorial Description

Note only the inversions: Rothe inversion diagram Dπ.
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Combinatorial Description

Note only the inversions: Rothe inversion diagram Dπ.

[1, 3, 5, 6, 2, 4]→ D135624 =
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Combinatorial Description

Dominant case I = I1 ≥ I2 ≥ ..Ik > 0...
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Combinatorial Description

Dominant case I = I1 ≥ I2 ≥ ..Ik > 0...

Ik

...
... . . .

. . . I2

. . . I1
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Combinatorial Description

Dominant case I = I1 ≥ I2 ≥ ..Ik > 0...

xk xk Ik

...
... . . .

x2 x2 x2
. . . I2

x1 x1 x1 . . . x1 I1

To get the Schubert polynomial YI(x):
Each box in row i becomes a factor xi , and then
multiply the boxes.

. – p.7/20



Combinatorial Description

Dominant case I = I1 ≥ I2 ≥ ..Ik > 0...

xk xk Ik

...
... . . .

x2 x2 x2
. . . I2

x1 x1 x1 . . . x1 I1

To get the Schubert polynomial YI(x):
Each box in row i becomes a factor xi , and then
multiply the boxes.

YI(x)=xI1

1 . . .xIk

k = xI
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Combinatorial Description

code I → diagram D → YI = ev(D)
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221 x2
1x

2
2x3
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Combinatorial Description

code I → diagram D → YI = ev(D)

221 x2
1x

2
2x3

more general

code I → set S of diagrams → YI=
∑

J∈S ev(J)

{ , } x2
1x

2
2x3 + x1x

2
2x

2
3
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Combinatorial Description

To get a set of diagrams, define moves ri which modify
a diagram D.
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• ri(D) =take the rightmost box in row i and
exchange it with the first empty place below this
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Combinatorial Description

To get a set of diagrams, define moves ri which modify
a diagram D.

• ri(D) =take the rightmost box in row i and
exchange it with the first empty place below this
box

• S1(D) :=all diagrams which can be generated by a
sequence of moves starting from D
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Combinatorial Description

S1(D14325)
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Combinatorial Description

S1(D14325)
ev
→ x2

2x3

ev
→ x1x2x3

ev
→ x1x

2
2 + x2

1x3

ev
→ x2

1x2
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Combinatorial Description

Theorem (K., Winkel):
Xπ(x)=

∑

J∈S1(Dπ) ev(J)
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Combinatorial Description

Theorem (K., Winkel):
Xπ(x)=

∑

J∈S1(Dπ) ev(J)

X1432(x) = Y0210(x)→

{ , , , , }

→x2
2x3+x1x2x3+x2

1x3+x1x
2
2+x2

1x2
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Combinatorial Description

Double Schubert Polynomial Xπ(x, y), YI(x, y)
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Double Schubert Polynomial Xπ(x, y), YI(x, y)

• modify start diagram

• modify moves
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Combinatorial Description

The start diagram for double Schubert polynomials

• code I → diagram TI

TI :=diagram where row i has Ii left-packed boxes
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Combinatorial Description

The start diagram for double Schubert polynomials

• code I → diagram TI

TI :=diagram where row i has Ii left-packed boxes

• 0342010→ TI =

0
1
0
2
4
3
0
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Combinatorial Description

The moves for double Schubert polynomials

• two kind of moves:
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...
... →

...
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. . .

. . .
→
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Combinatorial Description

The moves for double Schubert polynomials

• two kind of moves:

...
... →

...
...

. . .

. . .
→

. . .

. . .

• the pairs of boxes below or to the right may be
missing, then both moves coincide.
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Combinatorial Description

The evaluation ev2 used for double Schubert
polynomials

• for each box at row i and column j in a diagram D

take the factor (xi − yj).

ev2(D) is the product of all factors.
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Combinatorial Description

The evaluation ev2 used for double Schubert
polynomials

• for each box at row i and column j in a diagram D

take the factor (xi − yj).

ev2(D) is the product of all factors.

• ev2

→

(x6 − y2)

(x4 − y2)

(x3 − y1)(x3 − y2)(x3 − y3)(x3 − y4)

(x2 − y1)(x2 − y2)(x2 − y3)
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Combinatorial Description

S(D14325)
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Combinatorial Description

S(D14325)
ev2→

(x3 − y1)

(x2 − y1)(x2 − y2)

ev2→
(x3 − y1)

(x2 − y1)(x1 − y3)

(x2 − y1)(x2 − y2)

(x1 − y2)

ev2←
ev2→

(x3 − y1)

(x1 − y2) (x1 − y3)

(x2 − y2)

(x1 − y2)(x1 − y3)

ev2←

Y0210(x, y) =(x3 − y1)(x2 − y1)(x2 − y2)+(x3 − y1)(x2 − y1)(x1 − y3) + ...
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Combinatorial Description

Denote by S2(D) all diagrams generated from diagram
D by a sequence of moves defined for double
Schubert polynomials.

Theorem (Bergeron, Billey, K.):

YI(x, y)=
∑

J∈S2(TI)
ev2(J)
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Properties

Factorization property:
I = (I1, . . . , In) code of π ∈ Sn, J = (J1, . . . , Jm) code of
ρ ∈ Sm then:

Y(I1...InJ1...Jm) = YI · Y(0 . . . 0
︸ ︷︷ ︸

n

J1...Jm)

. – p.18/20



Properties

Factorization property:
I = (I1, . . . , In) code of π ∈ Sn, J = (J1, . . . , Jm) code of
ρ ∈ Sm then:

Y(I1...InJ1...Jm) = YI · Y(0 . . . 0
︸ ︷︷ ︸

n

J1...Jm)

D(π,ρ) =

∅ Dρ

Dπ ∅
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Properties

Schubert polynomial generalize Schur polynomials:
Let λ = λ1 ≥ . . . ≥ λk be a partition, then the Schur
polynomial Sλ(x1, . . . , xn) (n ≥ k) is equal to the
Schubert polynomial Y0 . . . 0

︸ ︷︷ ︸
n−k

λk...λ1 0 . . . 0
︸ ︷︷ ︸

λ1

(x1, . . . , xn).

. – p.19/20



Properties

Schubert polynomial generalize Schur polynomials:
Let λ = λ1 ≥ . . . ≥ λk be a partition, then the Schur
polynomial Sλ(x1, . . . , xn) (n ≥ k) is equal to the
Schubert polynomial Y0 . . . 0

︸ ︷︷ ︸
n−k

λk...λ1 0 . . . 0
︸ ︷︷ ︸

λ1
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Schubert Schur

Dπ =

4 4
3 3
2

4 4
3 3

2
4
3 4
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Properties

Schubert polynomial generalize Schur polynomials:
Let λ = λ1 ≥ . . . ≥ λk be a partition, then the Schur
polynomial Sλ(x1, . . . , xn) (n ≥ k) is equal to the
Schubert polynomial Y0 . . . 0

︸ ︷︷ ︸
n−k

λk...λ1 0 . . . 0
︸ ︷︷ ︸

λ1

(x1, . . . , xn).

Schubert Schur

Dπ =

4 4
3 3
2

4 4
3 3

2
4
3 4
2 3

↓
4
3
2 2

1

4
3
2 2

1

4
2 3
1 2
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Last Page

www.symmetrica.de -
public domain package to compute with Schubert
polynomials
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Last Page

www.symmetrica.de -
public domain package to compute with Schubert
polynomials

Thank you very much for your attention.
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