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Motivation

rom the lecture of Paul Zinn-Justin:

Definition (Schubert polynomials)

The Schubert polynomial X5 (x1. ..., xn; Y1, .., ¥n) is defined as

Xy = mdegg So

From the lecture of Alain Lascoux:

Definition 1 Given v € N", the Schubert polynomial Y,(x), also denoted
Xo(x) with o = (v), is the only polynomial in Pol, (x,y) such that

Yp(}'{”}'] = 0, u#uv, |ul <y (1)
Yo" = m@) = J[ @ —u,) (2)
=], 004
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Overview

* Combinatorial description of Schubert
polynomials X (x)

* Combinatorial description of double Schubert
polynomials X, (z,y)

* Properties of Schubert polynomials
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Combinatorial Description

* Permutation = = |7y, m9,...,m] € Sy,
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Combinatorial Description

* Permutation = = |7y, m9,...,m] € Sy,

* Rothe diagram (1800) of =
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11,3,5,6,2,4]
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* Permutation = = |7y, m9,...,m] € Sy,

* Rothe diagram (1800) of =

X

Combinatorial Description
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Combinatorial Description

othe proved that = and =—! have the same number of
versions.
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Combinatorial Description

othe proved that = and =—! have the same number of
versions.

Permutation = has an inversion at position (¢, j) if j > i
and m; > ;.
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Combinatorial Description

othe proved that = and =—! have the same number of
versions.

Permutation = has an inversion at position (¢, j) if j > i
and m; > ;.

Each inversion one box in the Rothe diagram:

X

[] X

11,3,5,6,2,4] —
(1] x

LI O O] X
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Combinatorial Description

othe proved that = and =—! have the same number of
Inversions.

Permutation = has an inversion at position (¢, ) if j >
and m; > ;.

Each inversion one box in the Rothe diagram:

X

[] X

11,3,5,6,2,4] —
(1] x

LI O O] X

X

X

The code of permutation = Is the vector I = I, ... with
I; :=number of boxes In row i
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Combinatorial Description

othe proved that = and =—! have the same number of
Inversions.

Permutation = has an inversion at position (¢, ) if j >
and m; > ;.

Each inversion one box in the Rothe diagram:
X 0)
X 0)
1,3,5,6,2,4) oo |21 x| 2
] O | x 2
O | x 1
X 0)

The code of permutation = Is the vector I = I, ... with
I; :=number of boxes In row ¢
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Combinatorial Description

ote only the inversions: Rothe inversion diagram D,.
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Combinatorial Description

ote only the inversions: Rothe inversion diagram D,.

[17 37 57 67 27 4] — D135624 —
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Combinatorial Description

ominantcase [ =1; > I, > . 1. > 0...

UNIVERSITAT
I w BAYREUTH —p7/2




Combinatorial Description

ominantcase [ =1; > I, > . 1. > 0...
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Lk

Lk

L2

L2

L2

L1

L1

L1

L1

multiply the boxes.
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To get the Schubert polynomial Y;(x):
Each box in row ¢ becomes a factor z; , and then

ominantcase I =1; > Io > ..I. > 0...

Iy,

Iy
6
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L2

L2

L2

L1

L1

L1

L1

multiply the boxes.

Y](ZIZ')
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To get the Schubert polynomial Y;(x):
Each box in row ¢ becomes a factor z; , and then

I,

ominantcase I =1; > Io > ..I. > 0...

Iy,

Iy
6

Combinatorial Description
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Combinatorial Description

odel — diagram D — Yr = ev(D)
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Combinatorial Description

odel — diagram D — Yr = ev(D)

221 x%x%xg

UNIVERSITAT
I w BAYREUTH .—p.8/2




Combinatorial Description

odel — diagram D — Yr = ev(D)

221 x%x%xg

more general

code I — setSofdiagrams — Yi=> ;.qev(J)
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Combinatorial Description

odel — diagram D — Yr = ev(D)

221 x%x%xg

more general

code I — setSofdiagrams — Y;=), gev(J)

) ririrs + v17575
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Combinatorial Description

get a set of diagrams, define moves r; which modify
a diagram D.
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Combinatorial Description

get a set of diagrams, define moves r; which modify
a diagram D.

* r;(D) =take the rightmost box in row i and
exchange it with the first empty place below this
box
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Combinatorial Description

To get a set of diagrams, define moves r; which modify
a diagram D.

* r;(D) =take the rightmost box in row ¢ and
exchange it with the first empty place below this
box

* S1(D) :=all diagrams which can be generated by a
sequence of moves starting from D
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Combinatorial Description
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Combinatorial Description
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Combinatorial Description

T1T973

xlx% + :1:%:133
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Combinatorial Description

heorem (K., Winkel):
Xﬂ'(x):ZJ651(Dﬂ-) ev(J)
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Combinatorial Description

heorem (K., Winkel):
XW(ZE):ZJE»S’l(Dﬂ) ev(J)

~—
|
1
[

)

|| [ 1] |
—>x%x3—|—x1x2x3+x%x3 +x1x%—|—x%x2
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Combinatorial Description

ouble Schubert Polynomial X (z,y), Yi(x,y)
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ouble Schubert Polynomial X (z,y), Yi(x,y)
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Combinatorial Description

ouble Schubert Polynomial X (z,y), Yi(x,y)
* modify start diagram
* modify moves

* modify evaluation
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Combinatorial Description

he start diagram for double Schubert polynomials

* code I — diagram T;
T :=diagram where row : has I; left-packed boxes
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Combinatorial Description

he start diagram for double Schubert polynomials

* code I — diagram T;
T :=diagram where row : has I; left-packed boxes

° 0342010 — 17 =

SO whrLDNDNMOEFRO
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Combinatorial Description

he moves for double Schubert polynomials

* two kind of moves:
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Combinatorial Description

he moves for double Schubert polynomials

* two kind of moves:
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Combinatorial Description

he moves for double Schubert polynomials

* two kind of moves:

* the pairs of boxes below or to the right may be
missing, then both moves coincide.
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Combinatorial Description

he evaluation ev, used for double Schubert
polynomials

 for each box at row : and column ; in a diagram D
take the factor (z; — y;).
evo(D) IS the product of all factors.
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Combinatorial Description

he evaluation ev, used for double Schubert
polynomials

 for each box at row : and column ; in a diagram D
take the factor (z; — y;).
evo(D) IS the product of all factors.

- (6 — ¥2)
evy (4 — y2)
(3 — y1)(z3 — y2) (23 — y3) (73 — y4)
(z2 — y1)(x2 — y2) (72 — y3)
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Combinatorial Description

UNIVERSITAT
I w BAYREUTH .—p-16/2




Combinatorial Description

UNIVERSITAT
I w BAYREUTH .—p-16/2




Combinatorial Description

UNIVERSITAT
I w BAYREUTH .—p-16/2




Combinatorial Description

UNIVERSITAT
I w BAYREUTH .—p-16/2




Combinatorial Description

UNIVERSITAT
I w BAYREUTH .—p-16/2




Combinatorial Description

evo (373 - yl)
H

(2 — y1) (72 — y2)

evs (.’Eg - yl)
ﬁ

(2 —y1) (71 — y3)

(2 —y1)(72 — ¥2) ews evo (T3 — Y1)
— =

(z1 — o) (1 —y2) (21 —y3)

(372 - y2) evy
H

(1 — y2) (71 — y3)

Yo210(7,y) =(23 — y1) (w2 — y1) (w2 — y2)+ (23 — y1) (22 — y1) (w1 — y3) + ...
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Combinatorial Description

enote by S»(D) all diagrams generated from diagram
D by a sequence of moves defined for double
Schubert polynomials.

Theorem (Bergeron, Billey, K.):

Yi(2,9)=2_ resy(my) €v2(J)
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Properties

ctorization property:
= (I1,...,I,)codeof r € S,, J=(J1,...,J,) code of

Yo g0 =YY 0. 050

n
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Properties

ctorization property:
I=(I,...,I,)codeof r €S, J=(J1,...,Jn) code of

Yo g0 =YY 0. 050

n

0)

Dx
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Properties

chubert polynomial generalize Schur polynomials:

Let A\ =)\ > ... > )\, be a partition, then the Schur

polynomial Sy(x1,...,z,) (n > k) Is equal to the

Schubert polynomial Yy o, 2, 0... 01, .., 70).
—— ——

n—k A1
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Properties

chubert polynomial generalize Schur polynomials:

Let A\ =)\ > ... > )\, be a partition, then the Schur

polynomial Sy(x1,...,z,) (n > k) Is equal to the

Schubert polynomial Yy o), .\, 0. . 0@, Tn).
—— ——

n—k )\1
Schubert Schur
4|4 4|4
_ 33 33 4
Dr = 2 2 3[4
213
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Properties

chubert polynomial generalize Schur polynomials:

Let A\ =)\ > ... > )\, be a partition, then the Schur

polynomial Sy(x1,...,z,) (n > k) Is equal to the

Schubert polynomial Yy o), .\, 0. . 0@, Tn).
—— ——

n—k A1
Schubert Schur
4|4 4|4
_ 33 33 4
Dr = 2 2 3[4
213
!
4 4
3 3 4
2|2 212 213
1 1 12
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Last Page

.Symmetrica.de -
public domain package to compute with Schubert
polynomials
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Last Page

.Symmetrica.de -
public domain package to compute with Schubert
polynomials

Thank you very much for your attention.
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