
Steiner Systems with Automorphism Groups PSL(2; 71),PSL(2; 83), and P�L(2; 35)Anton Betten, Reinhard Laue, Sergey Molodtsov�, Alfred WassermannUniversit�at Bayreuth, Novosibirsk Institute of Organi Chemistry�
AbstratThe �rst 5-(72; 6; 1) designs with automorphism group PSL(2; 71) have been found byMills [10℄. We enumerated all 5-(72; 6; 1) designs with this automorphism group. Thereare 926299 non-isomorphi designs.We show that a neessary ondition for semiregular 5-(v; 6; 1) designs with automor-phism group PSL(2; v � 1) to exist is v � 84; 228 (mod 360). There are exatly 3non-isomorphi semiregular 5-(84; 6; 1) designs with automorphism group PSL(2; 83).There are at least 6450 non-isomorphi 5-(244; 6; 1) designs with automorphism groupP�L(2; 35).1 IntrodutionFor the onstrution of t-(v; k; �) designs the approah of Kramer and Mesner [7℄ has been verysuessful: At �rst a automorphism group G is presribed and the inidene matrix AGt;k ofthe orbits is alulated. Then, a design having G as a group of automorphisms orresponds tosolutions x of the Diophantine linear systemAGt;k � x = 0B� �...� 1CA ;�supported by the Deutshe Forshungsgemeinshaft, Ke 201/17-1.1



where x is a 0=1-vetor. The solving of this system is a NP-omplete task. Finally, isomorphidesigns have to be identi�ed. The �rst two steps an be done with DISCRETA [1℄, a softwarepakage developed by the authors. The isomorphism problem is solved by the methods in [3℄.Steiner systems with t > 3 are still rare objets. It is not known whether any exist for t � 6,and for t = 5 only a few parameter sets are known. All known Steiner 4-systems are derivedfrom Steiner 5-systems. So, we ontinue the searh for suh objets.In the searh for Steiner systems with large t, i. e. 5-(v; k; 1) designs, a fruitful approah wasto further ut the searh spae by restriting the inidene matrix AGt;k of the orbits to orbitsof k-subsets whih do not have length equal to the group order. These orbits usually are alledshort orbits.The values of v for whih 5-(v; 6; 1) designs are known, are 12, 24, 36, 48, 72, 84, 108, 132, 168.Apart from the reently found 5-(36; 6; 1) design [2℄ they all admit some PSL(2; q) as a groupof automorphisms, where q � 3 mod 4. Their number of isomorphism types was known only forv � 48 ompletely and | restrited to short orbit-designs | also for v = 72, 84. Denniston [5℄showed that q � 3 mod 4 is a neessary ondition for the existene of t-(q + 1; t+ 1; 1) designswith odd t � 5, having PSL(2; q) as a group of automorphisms, and that PGL(2; q) neverours as group of automorphisms for t-(q + 1; t+ 1; 1) designs.For 5-(72; 6; 1) designs with automorphism group PSL(2; 81) we ould drop the restritionto short orbits and enumerate all non-isomorphi designs having this group as automorphismgroup.We also tried the opposite restrition to use only long orbits to redue the searh spae. SuhSteiner systems then are semiregular designs. Sine most orbits usually are long orbits, onewould expet a large number of solutions. But it is easy to see that already divisibility onditionsheavily restrit the possible situations where suh designs might exist. We give a neessaryondition for the existene of parameter sets of semiregular Steiner 5-(v; 6; 1) designs withautomorphism group PSL(2; q) for some prime power q and onsider the smallest possiblease, i. e. v = 84. Surprisingly, there only exist exatly 3 isomorphism types in this ase. Thenext smallest parameter set for a semiregular Steiner 5-(v,6,1) design would be 5-(228; 6; 1).Sine already in the ase of the famous Witt designs the full automorphism group of a Steiner5-design was muh bigger than the orresponding PSL(2; p), we also used a bigger group to�nd 5-(244; 6; 1) designs. A bigger group as a rule redues the size of of the Diophantine linearsystem whose solutions are the designs in the number of rows and in the number of olumnsroughly by the fator of the index in that group.2 5-(72; 6; 1) designsThere had been some suess in presribing that only short orbits should be ontained in theSteiner systems. So, the number of possibilities was greatly redued and the full number ofisomorphism types with this additional property ould be determined. The �rst 5-(72; 6; 1)designs have been found by Mills [10℄ using this approah, and up to 8 designs with thisparameter set onsisting only of short orbits are known sine B. Shmalz [11℄.2



Grannell, Griggs and Mathon [6℄ found that there exist exatly 4204 isomorphism types withbloks from short orbits only.The present version of DISCRETA now was able to determine the full set of all isomorphismtypes of 5-(72; 6; 1) designs with automorphism group PSL(2; 71). There exist exatly 926299isomorphism types. The order of the group PSL(2; 71) is equal to 178920. The inidenematrix of the orbits has 79 rows and 982 olumns.3 5-(84; 6; 1) designsGrannell, Griggs and Mathon [6℄ showed that for short orbits there are exatly 38717 isomor-phism types. There will be muh more isomorphism types if we take into aount orbits ofarbitrary length. We already enumerated at least 348512 isomorphism types. So, we look atthe other extreme of a restrition, i. e. to use only orbits of full length.If a design admits a group of automorphisms G then its set of bloks onsists of a olletionof orbits on k-subsets. The smallest possible number of orbits is ahieved with semiregulardesigns, i. e. if eah orbit has the length jGj.Theorem 3.1 If there exists a 5-(q+1,6,1) design whih is semiregular under the automor-phism group PSL(2; q), q odd, then q � 83; 227 mod 360.Proof Assume, a design with these properties exists. Then the number of bloks b must bedivisible by the group order. Thus, we obtain that the following fration represents a naturalnumber. bjPSL(2; q)j = �vt�=�kt�(q + 1)q(q � 1)=2where v = q + 1, k = 6, and t = 5. Therefore,(q � 2)(q � 3)5 � 8 � 9must be a natural number. But sine q is a prime power, q� 3 annot be divisible by 9. (q� 2)and (q�3) are oprime, so 9 has to divide (q�2). Similarly, 8 divides (q�3). Lastly, 5 divideseither (q� 2) or (q� 3). By the Chinese remainder theorem we have a unique solution modulo5 � 8 � 9 = 360 in eah ase. So, 227 and 83 are the unique solutions mod 360, respetively. �For the smallest ase v = 84 we have used DISCRETA [1℄ to �nd all 5-(84,6,1) designs whihonsist only of orbits of length jPSL(2; 83)j and found exatly 6 solutions. These are groupedinto 3 isomorphi pairs under the ation of PGL(2; 83) suh that there exist exatly 3 isomor-phism types by [3℄. Suh a semiregular 5-(84,6,1) design has exatly 18 blok orbits. We listrepresentatives of these orbits for eah of the designs.Design 1 and design 3, respetively design 2 and design 3 are pairwise disjoint suh that theyan be ombined to designs with � = 2. Sine the group PSL(2; 83) ats 3-homogeneously,3



eah orbit of these semiregular designs is a 3-(84; 6; 60) design. This means, eah Steiner systeman be partitioned into 18 3-designs. The designs an not be partitioned into 4-designs withautomorphism group PSL(2; 83).We used the following generators of PSL(2; 83), its order is equal to 285852:(1 82)(2 41)(3 55)(4 62)(5 33)(6 69)(7 71)(8 31)(9 46)(10 58)(11 15)(12 76)(13 51)(14 77)(16 57)(17 39)(18 23)(19 48)(20 29)(21 79)(22 49)(24 38)(25 73)(26 67),(1 41 81)(2 55 40)(3 62 54)(4 33 61)(5 69 32)(6 71 68)(7 31 70)(8 46 30)(9 58 45)(10 15 57)(11 76 14)(12 51 75)(13 77 50)(16 39 56)(17 23 38).The blok-orbit representatives:Design 1: Design 2: Design 3:f1; 2; 3; 4; 5; 38g f1; 2; 3; 4; 5; 51g f1; 2; 3; 4; 5; 15gf1; 2; 3; 4; 6; 20g f1; 2; 3; 4; 6; 9g f1; 2; 3; 4; 7; 77gf1; 2; 3; 4; 7; 11g f1; 2; 3; 4; 7; 12g f1; 2; 3; 4; 8; 40gf1; 2; 3; 4; 9; 62g f1; 2; 3; 4; 8; 20g f1; 2; 3; 4; 10; 54gf1; 2; 3; 4; 10; 46g f1; 2; 3; 4; 10; 72g f1; 2; 3; 4; 12; 68gf1; 2; 3; 4; 12; 44g f1; 2; 3; 4; 14; 65g f1; 2; 3; 4; 13; 72gf1; 2; 3; 4; 14; 29g f1; 2; 3; 4; 15; 43g f1; 2; 3; 4; 16; 48gf1; 2; 3; 4; 17; 47g f1; 2; 3; 4; 22; 63g f1; 2; 3; 4; 20; 34gf1; 2; 3; 4; 24; 42g f1; 2; 3; 4; 23; 53g f1; 2; 3; 4; 23; 76gf1; 2; 3; 4; 22; 27g f1; 2; 3; 4; 31; 62g f1; 2; 3; 4; 24; 66gf1; 2; 3; 4; 31; 63g f1; 2; 3; 4; 44; 76g f1; 2; 3; 4; 35; 84gf1; 2; 3; 4; 35; 65g f1; 2; 3; 4; 45; 54g f1; 2; 3; 4; 37; 63gf1; 2; 3; 5; 6; 13g f1; 2; 3; 5; 9; 52g f1; 2; 3; 4; 45; 62gf1; 2; 3; 5; 9; 52g f1; 2; 3; 5; 22; 25g f1; 2; 3; 5; 10; 22gf1; 2; 3; 5; 16; 21g f1; 2; 3; 5; 23; 70g f1; 2; 3; 5; 26; 55gf1; 2; 3; 5; 24; 59g f1; 2; 3; 5; 24; 57g f1; 2; 3; 5; 49; 60gf1; 2; 3; 5; 25; 32g f1; 2; 3; 5; 26; 63g f1; 2; 3; 6; 9; 34gf1; 2; 3; 6; 7; 42g f1; 2; 3; 6; 7; 27g f1; 2; 3; 6; 41; 70g4 5-(244; 6; 1) designsThere are only �nitely many 5-(v; 6; 1) designs known, see [4℄. As the 5-(36; 5; 1) design shows,v � 1 need not be a prime power. So, the existene of an automorphism group PSL(2; v � 1)annot be a neessary ondition. It is also not suÆient, sine no 5-(28; 6; 1) design existswith automorphism group PSL(2; 33). We remark that also no 5-(82; 6; 1) design admittingautomorphism group PSL(2; 81) exists. The next power of 3 that is ongruent to 3 mod 4 isq = 35. We �nd that in this ase there do exist Steiner 5-designs, they even admit P�L(2; 35) asa group of automorphisms in whih PSL(2; 35) has index 5. The order of the group is equal to35871660, the matrix then still has 196 rows and 7940 olumns. So we restrited the searh asusual to short orbits only and ended up with 504 olumns. This led to at least 12900 solutions.4



From [8℄ we onlude that the only overgroups of P�L(2; 35) in S35+1 are A35+1 and P�L(2; 35).Both groups are not admitted as an automorphism group of a 5-(244; 6; 1) design. Therefore,by [3, Theorem 2.1℄, the isomorphism types are determined by the ation of P�L(2; 35) on theset of the designs. So, they fall into orbits of size 2 under this group. The solutions foundrepresent at least 6450 isomorphism types.It seems interesting to notie that this is the �rst ase of a Steiner 5-(v; 6; 1) design with anautomorphism group P�L(2; pf), where f > 1, and the �rst parameter set of a 5-(v; 6; 1) designwhere v is not a multiple of 12. Further, this seems to be the �rst known Steiner 5-designsde�ned on more than 200 points. So, the number of points is the largest of all presently knownSteiner 5-designs.We used the following generators of the group P�L(2; 35):(3 219 243 82 197 106 40 113 177 155 19 193 133 43 33 142 44 86 174 238 135 70 36 59 171 74 10192 240 162 73 199 213 159 153 72 63 62 91 201 241 55 194 186 156 233 107 93 229 134 96 146 1857 225 80 90 65 9 56 8 85 121 122 178 48 221 189 76 117 68 172 210 239 188 102 227 27 58 118 204158 179 101 13 110 14 166 130 123 149 181 211 132 150 152 98 92 12 220 136 203 187 49 114 151 45 60145 207 78 144 71 89 94 119 15 137 17 83 11)(4 112 124 42 140 180 75 224 109 200 24 138 234 81 64 198 77 170 103 120 232 54 61 35 88 38 6 139127 205 51 141 154 208 214 52 34 32 168 157 126 69 143 100 202 131 176 184 129 230 190 209 25 31 11541 169 47 7 29 5 165 237 242 108 67 116 97 39 223 53 87 148 125 95 175 128 16 30 222 163 206 104173 21 218 26 84 228 244 215 105 147 235 217 212 185 182 22 111 231 161 99 66 226 216 79 37 195 16046 196 50 167 183 236 28 191 23 164 20),(2 3 4)(5 6 7)(8 9 10)(11 12 13)(14 15 16)(17 18 19)(20 21 22)(23 24 25)(26 27 28)(29 30 31)(32 33 34)(35 36 37)(38 39 40)(41 42 43)(44 45 46)(47 48 49)(50 51 52)(53 54 55)(56 57 58)(59 60 61)(62 63 64)(65 66 67)(68 69 70)(71 72 73)(74 75 76)(77 78 79)(80 81 82)(83 84 85)(86 87 88)(89 90 91)(92 93 94)(95 96 97)(98 99 100)(101 102 103)(104 105 106)(107 108 109)(110 111 112)(113 114 115)(116 117 118)(119 120 121)(122 123 124)(125 126 127)(128 129 130)(131 132 133)(134 135 136)(137 138 139)(140 141 142)(143 144 145)(146 147 148)(149 150 151)(152 153 154)(155 156 157)(158 159 160)(161 162 163)(164 165 166)(167 168 169)(170 171 172)(173 174 175)(176 177 178)(179 180 181)(182 183 184)(185 186 187)(188 189 190)(191 192 193)(194 195 196)(197 198 199)(200 201 202)(203 204 205)(206 207 208)(209 210 211)(212 213 214)(215 216 217)(218 219 220)(221 222 223)(224 225 226)(227 228 229)(230 231 232)(233 234 235)(236 237 238)(239 240 241)(242 243 244),(1 3 4)(5 153 124)(6 123 84)(7 83 154)(8 243 214)(9 213 164)(10 166 244)(11 36 34)(12 33 111)(13 110 37)(14 181 155)(15 157 51)(16 50 179)(17 221 195)(18 194 41)(19 43 222)(20 63 61)(21 60 218)(22 220 64)(23 145 116)(24 118 81)(25 80 143)(26 200 105)(27 104 71)(28 73 201)(29 187 75)(30 74 120)(31 119 185)(32 35 112)(38 58 238)(39 237 100)(40 99 56)(42 196 223)(44 199 192)(45 191 215)(46 217 197)(47 167 102)(48 101 177)(49 176 168)(52 156 180)(53 134 162)(54 161 148)(55 147 135)(57 98 236)(59 62 219)(65 175 89)(66 91 107)(67 109 173)(68 205 230)(69 232 211)(70 210 203)(72 106 202)(76 186 121)(77 139 141)(78 140 150)(79 149 137)(82 117 144)(85 122 152)(86 97 94)(87 93 225)(88 224 95)(90 174 108)(92 96 226)(103 169 178)(113 171 188)(114 190 182)(115 184 172)(125 159 131)(126 133 228)(127 227 160)(128 240 207)(129 206 235)(130 234 241)(132 158 229)(136 146 163)(138 151 142)(165 212 242)(170 183 189)(193 198 216)(204 209 231)(208 239 233),(5 29 169 184 232)(6 30 167 182 230)(7 31 168 183 231)(8 56 90 93 135)(9 57 91 94 136)5



(10 58 89 92 134)(11 17 71 150 241)(12 18 72 151 239)(13 19 73 149 240)(14 44 229 59 117)(15 45 227 60 118)(16 46 228 61 116)(20 23 50 217 126)(21 24 51 215 127)(22 25 52 216 125)(26 77 129 35 223)(27 78 130 36 221)(28 79 128 37 222)(32 196 105 141 235)(33 194 106 142 233)(34 195 104 140 234)(38 175 226 53 244)(39 173 224 54 242)(40 174 225 55 243)(41 202 138 208 111)(42 200 139 206 112)(43 201 137 207 110)(47 190 205 84 120)(48 188 203 85 121)(49 189 204 83 119)(62 144 181 199 132)(63 145 179 197 133)(64 143 180 198 131)(65 96 162 166 238)(66 97 163 164 236)(67 95 161 165 237)(68 123 74 102 114)(69 124 75 103 115)(70 122 76 101 113)(80 156 193 159 220)(81 157 191 160 218)(82 155 192 158 219)(86 146 213 98 107)(87 147 214 99 108)(88 148 212 100 109)(152 186 177 171 210)(153 187 178 172 211)(154 185 176 170 209).Here are the blok-orbit representatives of one 5-(244; 6; 1) design, the indies give the order ofthe stabilizers of the orbits.f1; 2; 3; 4; 5; 243g2 f1; 2; 3; 5; 41; 130g2 f1; 2; 3; 6; 7; 147g2f1; 2; 3; 4; 11; 61g2 f1; 2; 3; 5; 42; 52g2 f1; 2; 3; 6; 11; 172g2f1; 2; 3; 5; 6; 88g2 f1; 2; 3; 5; 44; 81g2 f1; 2; 3; 6; 19; 85g2f1; 2; 3; 5; 9; 169g2 f1; 2; 3; 5; 45; 175g2 f1; 2; 3; 6; 22; 210g2f1; 2; 3; 5; 12; 66g2 f1; 2; 3; 5; 46; 47g2 f1; 2; 3; 6; 32; 223g2f1; 2; 3; 5; 13; 35g2 f1; 2; 3; 5; 53; 218g2 f1; 2; 3; 6; 33; 103g2f1; 2; 3; 5; 14; 38g2 f1; 2; 3; 5; 54; 121g2 f1; 2; 3; 6; 36; 140g2f1; 2; 3; 5; 15; 60g2 f1; 2; 3; 5; 55; 120g2 f1; 2; 3; 6; 38; 98g2f1; 2; 3; 5; 16; 30g2 f1; 2; 3; 5; 64; 180g2 f1; 2; 3; 6; 39; 66g2f1; 2; 3; 5; 17; 242g2 f1; 2; 3; 5; 69; 131g2 f1; 2; 3; 6; 45; 236g2f1; 2; 3; 5; 18; 167g3 f1; 2; 3; 5; 70; 157g2 f1; 2; 3; 6; 47; 145g2f1; 2; 3; 5; 19; 190g2 f1; 2; 3; 5; 77; 156g2 f1; 2; 3; 6; 56; 87g2f1; 2; 3; 5; 20; 85g2 f1; 2; 3; 5; 78; 236g2 f1; 2; 3; 6; 74; 178g2f1; 2; 3; 5; 21; 61g2 f1; 2; 3; 5; 86; 100g2 f1; 2; 3; 6; 89; 146g2f1; 2; 3; 5; 22; 186g2 f1; 2; 3; 5; 90; 154g2 f1; 2; 3; 6; 206; 221g2f1; 2; 3; 5; 25; 89g2 f1; 2; 3; 5; 105; 210g2 f1; 2; 3; 7; 18; 43g2f1; 2; 3; 5; 27; 228g2 f1; 2; 3; 5; 111; 199g2 f1; 2; 3; 7; 34; 141g2f1; 2; 3; 5; 28; 68g2 f1; 2; 3; 5; 123; 192g2 f1; 2; 3; 7; 35; 145g2f1; 2; 3; 5; 29; 219g2 f1; 2; 3; 5; 125; 216g2 f1; 2; 3; 7; 37; 74g5f1; 2; 3; 5; 33; 104g2 f1; 2; 3; 5; 155; 203g2 f1; 2; 3; 7; 53; 207g2f1; 2; 3; 5; 34; 138g5 f1; 2; 3; 5; 166; 217g2 f1; 2; 3; 7; 102; 214g5f1; 2; 3; 5; 36; 168g2 f1; 2; 3; 5; 187; 222g2 f1; 2; 3; 11; 51; 137g5f1; 2; 3; 5; 37; 99g2For the solving of the Diophantine linear systems we implemented a solver after Mathon'salgorithm spreads [9℄, as part of DISCRETA. The �rst 5-(244; 6; 1) design with automorphismgroup P�L(2; 35) was found with a randomized version of this algorithm by the third author.
6



Referenes[1℄ A. Betten, R. Laue, and A. Wassermann. DISCRETA { A tool for onstruting t-designs. Lehrstuhl II f�ur Mathematik, Universit�at Bayreuth, http://www.mathe2.uni-bayreuth.de/betten/DISCRETA/Index.html.[2℄ A. Betten, R. Laue, and A. Wassermann. A Steiner 5-design on 36 points. Designs, Codes,Cryptography.[3℄ A. Betten, R. Laue, and A. Wassermann. Some simple 7-designs. In J. W. P. Hirshfeld,S. S. Magliveras, and M. J. de Resmini, editors, Geometry, Combinatorial Designs andRelated Strutures, Proeedings of the First Pythagorean Conferene, volume 245, pages15{25. London Math. So. Let. Notes, 1997.[4℄ C. J. Colbourn and R. Mathon. Steiner systems. In C. J. Colbourn and J. H. Dinitz,editors, The CRC Handbook of Combinatorial Designs, pages 66{75. CRC Press, BoaRaton, 1996.[5℄ R. H. F. Denniston. The problem of the higher values of t. Ann. Disrete Math., 7:65{70,1980.[6℄ M. J. Grannell, T. S. Griggs, and R. Mathon. Steiner systems S(5; 6; v) with v = 72 and84. Mathematis of Computation, 67:357{359, 1998.[7℄ E. S. Kramer and D. M. Mesner. t-designs on hypergraphs. Disrete Math., 15:263{296,1976.[8℄ M. W. Liebek, C. E. Praeger, and J. Saxl. A lassi�ation of the maximal subgroups ofthe �nite alternating and symmetri groups. J. Algebra, 111:365{383, 1987.[9℄ R. Mathon. Searhing for spreads and pakings. In J. W. P. Hirshfeld, S. S. Magliveras,and M. J. de Resmini, editors, Geometry, Combinatorial Designs and Related Strutures,Proeedings of the �rst Pythagorean onferene, volume 245, pages 161{176. London Math.So. Let. Notes, 1997.[10℄ W. H. Mills. A new 5-design. Ars Combinatoria, 6:193{195, 1978.[11℄ B. Shmalz. The t-designs with presribed automorphism group, new simple 6-designs. J.Combinatorial Designs, 1:125{170, 1993.Anton BettenDepartment of MathematisUniversit�at BayreuthD-95440 BayreuthGermany Reinhard LaueDepartment of MathematisUniversit�at BayreuthD-95440 BayreuthGermany7



Sergey MolodtsovNovosibirsk Institute of Organi Chemistry9, Lavrentiev ave.,Novosibirsk, 630090Russia Alfred WassermannDepartment of MathematisUniversit�at BayreuthD-95440 BayreuthGermany

8


