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ABSTRACTWe describe a computer search for simple designs with prescribed automor-phism groups yielding designs with parameter sets 7-(33; 8; 10), 7-(27; 9; 60),7-(26; 9; �) for � = 54; 63; 81, 7-(26; 8; 6), 7-(25; 9; �) for � = 45; 54; 72, 7-(24; 9; �) for � = 40; 48; 64, 7-(24; 8; �) for � = 4; 5; 6; 7; 8, 6-(25; 8; �) for� = 36; 45; 54; 63; 72; 81, 6-(24; 8; �) for � = 36; 45; 54; 63; 72, 5-(19; 6; 4), and5-(19; 6; 6). In several of these cases we are able to determine the exact numberof isomorphism types of designs with that prescribed automorphism group. c199? John Wiley & Sons, Inc.Keywords: t-designs1. INTRODUCTIONSimple t-(v; k; �) designs which are constructed via large sets tend to have large pa-rameters, at least for t > 5 [25]. In 1984, S. S. Magliveras and D. W. Leavitt [20] pre-sented the �rst simple 6-designs which were found using a prescribed group of auto-morphisms. In contrast to the large set method, the designs found with this methodusually have small parameters. Since then, several other 6-designs have been foundby this method (which is now called Kramer-Mesner method). In many cases, alsothe number of isomorphism types of designs with prescribed automorphism groupcould be determined [17, 16, 18, 4, 21, 22]. A survey on the search for t-designs withsmall v is contained in the article of D. L. Kreher in the CRC-Handbook of Com-binatorial Designs [5]. Further results are reported by A. Betten on his homepagec 199? John Wiley & Sons, Inc. CCC ?????????????Journal of Combinatorial Designs Vol. ?????, (199?) 1



2 BETTEN, LAUE, WASSERMANNhttp://www.mathe2.uni-bayreuth.de/betten/DESIGN/d1.html. Using some re-�ned methods for constructing Kramer-Mesner matrices and solving large systemsof Diophantine linear equations, 7-designs with parameters 7-(33,8,10) and pre-scribed group of automorphisms P�L(2; 32) could be found by the end of 1994[3]. At that time, B. D. McKay noticed that there exist thousands of such designsand estimated a total of about 5 million designs of this type. Meanwhile, the thirdauthor could completely settle the existence question by enumerating all 4 996 426designs of type 7-(33,8,10) with P�L(2; 32) as automorphism group (cf. [27]) Thisexact number of designs is surprisingly close to the estimated number. The full setof designs can be obtained electronically via Internet from our homepage for thisarticle (see below).We now show that simple 7-designs exist for even smaller parameters.Theorem 1.1. There exist exactly 7 isomorphism types of simple 7-(26; 8; 6) de-signs with automorphism group PGL(2; 25). There exist exactly 3989 and 37932 iso-morphism types of simple 7-(26; 9; �) designs with automorphism group P�L(2; 25),in each case, for � = 54 and 63 respectively. There exist many isomorphism typesof simple 7-(26; 9; 81) designs with automorphism group P�L(2; 25). There existsimple 7-(27; 9; 60) designs. There exist exactly 1 isomorphism type of simple 7-(24; 8; 4) designs and exactly 138 isomorphism types of simple 7-(24; 8; 5) designswith automorphism group PSL(2; 23). There exist at least 590, 126, and 63 iso-morphism types of simple 7-(24; 8; �) designs for � = 6, 7, and 8 respectively, withautomorphism group PSL(2; 23). In addition there exist exactly 4 isomorphismtypes of simple 7-(24; 8; 8) designs with automorphism group PGL(2; 23). Thereexist exactly 113 isomorphism types of simple 7-(24; 9; 40) designs, there exist ex-actly 5463 isomorphism types of simple 7-(24; 9; 48) designs, and there exist at least15335 isomorphism types of simple 7-(24; 9; 64) designs with automorphism groupPGL(2; 23). There exist simple 7-(25; 9; �) designs for � = 45, 54, 72.The full set of solutions for 7-(24; 8; �) and prescribed group of automorphismsPSL(2; 23) is not yet known, but their number seems to be very large.The 7-(27; 9; 60) and 7-(25; 9; �) are designs constructed by a method of Tran vanTrung [26] from other designs, see also D. L. Kreher [14]. However, we do not getresults on the number of isomorphism types in these cases. Also we do not know theautomorphism group of these designs, in general. So, we could not construct themby our program directly. With standard constructions we obtain from the theoremalso new parameter sets for simple t-designs with t < 7. Remarkably, there resulta lot of parameter sets of 5-designs with an odd number of points.While we were constructing new designs, we also proved a lot of non-existenceresults which are not included in this overview.We further mention that the 7-(26; 8; 6) designs with automorphism group PGL(2; 25)are the only ones admitting PSL(2; 25) as an automorphism group. Besides the7-designs we also found some new 6-designs.Theorem 1.2. There exist exactly 9, 49, 476, 1284, and 3069 isomorphism typesof simple 6-(24; 8; �) designs with automorphism group PGL(2; 23) for � = 36; 45; 54; 63,and 72, respectively. There exist exactly 242 isomorphism types of simple 6-(25; 8; 36)



SIMPLE 7-DESIGNS WITH SMALL PARAMETERS 3designs, exactly 10008 isomorphism types of simple 6-(25; 8; 45) designs, and thereexist simple 6-(25; 8; �) designs for � = 54, 63, 72, 81, admitting automorphismgroup PGL(2; 23)p in each case. PGL(2; 23)p is the permutation group on 25 pointswhich is obtained from PGL(2; 23) in its natural action on 24 points by adding anadditional �xed point.There are no 6-(25; 8; �) designs admitting PGL(2; 23)p for � = 9, 18, 27.2. THE KRAMER-MESNER METHOD REVISITEDA standard tool for constructing t-designs goes back to Kramer and Mesner [13].They assume a group A of automorphisms of the desired t-(v; k; �) designs. Inother words, this particular group A is prescribed and one is looking for designsadmitting that group as a symmetry group. Of course, this is a risky businessas the set of designs satisfying this additional condition may be empty. However,the assumption of such a group of automorphisms reduces the size of the problemdrastically, allowing to tackle problems which would otherwise be too di�cult tosolve.The group A is a permutation group on the underlying set V which we take aspoints for our design. Moreover, we also have A acting on k-subsets of V . A design(V;B) admits A as an automorphism group if and only if A maps blocks of thedesign onto blocks, that is, the set of blocks of the design consists of full k-orbitsof A: B = KA1 :[ KA2 :[ : : : :[ KArwith K1, . . . , Kr being base blocks of the block orbits in B, respectively.Now one has to consider the covering of t-subsets of V by blocks of the putativedesign. For T any t-subset and K any k-subset, let T be contained in exactlym(T;KA) k-subsets of KA. It is easy to see that m(T;KA) = m(T 0;KA) forT 0 = T a with an arbitrary a 2 A, that is, the number m(T;KA) is independent ofthe choice of the set T inits A-orbit.To ensure the conditions of a design it is su�cient to check that a collectionof k-orbits covers a set of representatives T1, . . . , Th of t-orbits exactly � timeseach. In order to realize this one forms an h�r matrixMAt;k indexed by t-orbit andk-orbit representatives, respectively, where m(Ti;KAj ) in its i; j-the position. Wecall this matrix a Kramer-Mesner matrix.Choosing a collection of k-orbits can be interpreted as multiplying the matrix bya 0=1-vector x of length r, where a 1 means that the corresponding k-orbit shouldbelong to the design. Such a collection of k-orbits forms a designs if and only ifMAt;kx = (�; : : : ; �)t where � is repeated h times on the right hand side. Non-simpledesigns are obtained by allowing solution vectors with larger integer entries than 1.At Bayreuth, the authors are developing a software package DISCRETA forthe construction and handling of discrete structures, with t-designs being an out-standing but not exclusive topic of research. Using a double coset constructiontechnique, the Kramer-Mesner matrices are evaluated using a new implementationof the Leiterspiel (snakes and ladders) [21]. Moreover, the system provides an LLLbased solver of systems of Diophantine linear equations with unknowns only in 0/1



4 BETTEN, LAUE, WASSERMANN(cf. also [16, 27]). See [3] for a short overview on the algebraic background andthe general principles which are applied. A major improvement of the solver is tobegin with the computation of an LLL-reduced integer basis of the kernel of thegiven Kramer-Mesner system and then to enumerate all integer linear combinationsof these basis vectors which give 0=1-solutions of the Kramer-Mesner matrix. Weapply improved algorithms for LLL-reductions (cf. [23, 24]) and base the explicitenumeration of solutions on an algorithm in [11]. Last but not least we may have �open as it is considered as a variable in the system of equations. Thus, the systemalso suggests appropiate parameters leading to sometimes unexpected results.A decisive feature of DISCRETA is a graphical user interface written in OSF-MOTIF. All actions can be controlled from menus via mouse clicking. Moreover,the system has a variety of groups available, most of them being parameterizedfor example by dimension and �eld in the case of linear groups just to mention anexample. DISCRETA allows to build up new groups from these using standardconstructions like direct sum or direct product. Moreover, one may choose betweendi�erent equation solvers, e.g. the LLL algorithm, a solver written by B. D. McKay,and a linear programming package lpsolve [1]. The computed data can be stored andbe reported in various formats like TEX or HTML. A database of design parametersets is also included.We would now like to point out some additional remarks. First, we may enlargethe Kramer-Mesner matrix by one further row, containing the orbit lengths of thek-orbits. We know in advance that a t-(v; k; �) design has exactlyb = � vt ��kt � � �blocks. So, this additional row in the system ensures that the orbit lengths in thedesign sum up to b. Often one can conclude that not all k-orbits in the design canhave full length jAj. So, one may start with choosing among the short orbits, thatis, those with length less than jaj. Suppose we take P�L(2; 32) as an automorphismgroup of a design with paramters 7-(33,8,10), cf. [3]. The number of blocks in sucha design is b = 5340060. The orbits on 8-subsets have lengths 163680, 81840, and20460. Let ai be the number of orbits of length jAj=i in the design. Dividingb = a1 � 163680+ a2 � 81840+ a8 � 20460by 20460 we get 261 = a1 � 8 + a2 � 4 + a8:Obviously, a8 6= 0 and since there exists only one orbit of this length, a8 = 1. So,there remains the restriction 65 = a1 � 2 + a2:In the solution [3] we have a1 = 27 and a2 = 11.In the case that A = PSL(2; p) is prescribed as an automorphism group of aSteiner system with parameters 5-(p + 1; 6; 1), Grannell, Griggs, and Mathon [9]have shown that if 5 is not a divisor of jAj then each 5-set has a trivial stabilizerin A. In this case, any 6-set may have a stabilizer of order at most 6.



SIMPLE 7-DESIGNS WITH SMALL PARAMETERS 5Consequently, there are only orbits of lengths jAj=n for n = 1; 2; 3; 6 on the setof 6-subsets when p 2 f11; 23; 47; 71; 83; 107; 131g. So we obtain the equation(p+1)p(p� 1)(p� 2)(p� 3)=6! = b = (p+1)p(p� 1)=2 � (a1 + a2=2+ a3=3+ a6=6)where the design has ai 6-orbits of length jAj=i for i = 1; 2; 3; 6. This equationreduces to (p� 2)(p� 3)=60 = 6 � a1 + 3 � a2 + 2 � a3 + a6:If p 6� 3 mod 8 then 6 does not divide the left hand side such that some ai for i > 1must be greater than 0. Further restrictions may be deduced in special cases. Forexample, p = 47 yields a6 � a3 mod 3.B. D. McKay remarked that the additional equation involving the lengths oforbits can be interpreted as the approximation of all 0-sets by the k-sets of thedesired design as well as the Kramer-Mesner matrix describes the possibilities toapproximate the t-subsets. This leads to an interesting generalization: One canalso look at the approximation of s-sets for 0 < s < t. Note that these additionalequations appear naturally when setting up the Kramer-Mesner systems for thedesigns with reduced t. It is well knwon that a t-design is also a s-design for0 � s < t. The resulting enlarged system of linear equations now has di�erentvalues of � on the right hand side but must have the same 0=1-solution vectors.3. ISOMORPHISM PROBLEMSThe second important remark concerns isomorphism problems. Often, a more orless complicated system of invariants is used to classify the designs. Knowledgeabout the full automorphism groups is considered as a poor means of classi�ca-tion (cf. [7]). However, in [21] the full automorphism groups are used as a toolfor determining the isomorphism types. It is easy to see that two designs de�nedon the same point set with the same automorphism group may only be mappedupon each other by an element of the normalizer of that group. Unfortunately, theKramer-Mesner method only �nds designs having at least the prescribed automor-phism group A. So, in [21] a Moebius inversion technique is applied to �nd thedesigns with given full automorphism group and then the above argument is ap-plied. However, this requires a thorough knowledge of the full lattice of subgroupsbetween A and SV . So, in Theorem 1.1 we claimed the existence of 7 isomorphismtypes of 7-(26; 8; 6) designs. In fact, we found twice as many solutions of the sys-tem of equations. In addition, we found that there were no solutions for the groupP�L(2; 25) for this parameter set. Since this is the only proper subgroup of S26containing PGL(2; 25), [2], all our solutions have the latter group as their full au-tomorphism group. The normalizer of PGL(2; 25) is P�L(2; 25), which has orbitsof length 2 = jP�L(2; 25)=PGL(2; 5)j on the set of designs with automorphismgroup PGL(2; 25). We remark that there are no additional solutions for the groupPSL(2; 25), such that also all overgroups of PSL(2; 25) di�erent from PGL(2; 25)do not appear as the full automorphism group of any design with these parameters.The most simple case occurs when P�L(2; 25) is known to be an automorphismgroup. Then by this argument all solutions of the system of equations are pairwisenon-isomorphic designs. This applies to the 3989 solutions for 7-(26; 9; 54). Also,



6 BETTEN, LAUE, WASSERMANNthe cases where PGL(2; 23) is a prescribed automorphism group can be handledin this way. Interestingly, in some important situations this approach can be muchsimpli�ed, so that we can solve isomorphism problems of designs with only verylocal knowledge of subgroups.Theorem 3.1. Let G be a �nite group acting on a set X. Let x1; x2 2 X andg 2 G such that xg1 = x2. Let a Sylow subgroup P of G be contained in the stabilizersNG(x1) and NG(x2). Then xn1 = x2 for some n 2 NG(P ).This result is an slight generalization of Hilfssatz IV 2.5 in [10]. For convenience,we repeat the proof here.Proof. Since P g � NG(x1)g = NG(xg1) = NG(x2) and also P � NG(x2), there issome h 2 NG(x2) such that P g = P h by the Sylow Theorem. Then gh�1 = n 2NG(P ) and g = nh. Therefore x2 = xg1 = xnh1 and xn1 = xh�12 = x2.Let us apply this theoreom to the case of t-designs. Here, G is the full symmetricgroup SV acting induced on the set X of all t-designs with point set V . Assumethe prescribed automorphism group A contains a Sylow subgroup P of SV . Thenby Theorem 3.1 two designs x1; x2 having A as an automorphism group may bemapped upon each other by a permutation g only if already some n 2 NSV (P )maps x1 onto x2. If even NSV (P ) is contained in A then all designs �xed by Aare pairwise not isomorphic. So, in this case the solutions of the system of linearequations given by the Kramer-Mesner matrix form a full set of representativesfrom all isomorphism types of designs admitting A as full automorphism group.If, for example, A is the holomorph of C19, that is, the normalizer of C19 inS19 which is isomorphic to the semidirect product of C19 with its automorphismgroup with respect to the natural action, then all designs on 19 points admittingA as an automorphism group are pairwise non-isomorphic. Thus, there are exactly255 isomorphism types of 5-(19; 6; 4)-designs and 17193 isomorphism types of 5-(19; 6; 6)-designs admitting this automorphism group.An important case where the condition of Theorem 3.1 is ful�lled is the projectivegroup PGL(2; p) for some prime p. This group is the permutation representationof the general linear group GL(2; p) on the set of all p+ 1 subspaces of dimension1 of the underlying vector space V = V (2; p). It has order (p + 1)p(p � 1) andcontains a Sylow p-subgroup of the full symmetric group Sp+1. The normalizer Nof a 1-dimensional subspace T of V in GL(2; p) has order p(p � 1)2 and containsthe centralizer of T and V=T as a normal subgroup. This centralizer is just of orderp and therefore a normal subgroup of N . If we reduce modulo the center Z ofGL(2; p) which is of order (p � 1) we obtain that PZ=Z is a normal subgroup ofNZ=Z and NZ=Z has order p(p� 1). Now this is just the order of the normalizerof a Sylow p-subgroup of Sp+1 such that PGL(2; p) contains the normalizer of aSylow subgroup of Sp+1. So whenever we construct objects where PGL(2; p) actsas a group of automorphisms all these objects are pairwise nonisomorphic.Let us consider the famous Witt 5-(24; 8; 1) design, of which the automorphismgroup M24 contains PSL(2; 23) as a subgroup. This subgroup acts as a group ofautomorphisms on that design. Since PGL(2; 23) is not contained in M24, theremust be a second design �xed by PSL(2; 23) and interchanged with the �rst byPGL(2; 23). The union of both designs is a 5-(24; 8; 2) design with automorphism



SIMPLE 7-DESIGNS WITH SMALL PARAMETERS 7group PGL(2; 23). This design consists of just one orbit of PGL(2; 23) on the set of8-subsets. The same situation occurs with M12 and PGL(2; 11) as the correspond-ing groups. These designs will have been contained in those reported by [12] toexist. We only note that the systematic construction here results in block-transitivedesigns.We note that there are exactly two solutions for a 5-(24; 7; 3) design with PSL(2; 23)as a group of automorphisms, so that there is just one isomorphism type of this kind.These solutions are block-transitive, which does not hold for larger values of �. Ex-act numbers of isomorphism types, for (t; k) 2 f(3; 4); (3; 5); (4; 5); (3; 6); (4; 6); (5; 6)g,also for larger values of �, are contained in [21].In a series of papers [8], [9], [6], Grannell, Griggs and Mathon have shown that inmany cases only PSL(2; p) appears as a group of automorphisms of Steiner systems.As we have shown, PGL(2; p) contains the required normalizer of a Sylow subgroupof Sp+1. Therefore only the action ofPGL(2; p)=PSL(2; p) �= C2on the set of solutions of the Kramer-Mesner system has to be taken into account.This explains why in [8], [9], [6], and [21], a representative from the non-trivial cosetof PSL(2; p) in PGL(2; p) already su�ces to distinguish between the isomorphismtypes of Steiner systems constructed with automorphism group PSL(2; p).All our claims about the number of isomorphism types of designs admittingas automorphism group PSL(2; 23) rely on the above argument and a completeconstruction of all solutions of the corresponding Kramer-Mesner system of Dio-phantine equations by our program. The situation is more di�cult in the case ofPGL(2; 23)p. This group still contains a 23-Sylow subgroup P of S25, and thenormalizer N of P has to map the �xed points of P onto �xed points. Thus, N isthe direct product of S2 and Hol(C23), the latter being contained in PGL(2; 23).So, if two designs of this type are isomorphic, the transposition � of the two �xedpoints of P must interchange them. Then this transposition must also interchangetheir automorphism groups, A and B say. Since PGL(2; 23)p is contained in A,the conjugation by � moves PGL(2; 23)p onto a subgroup of B. Also PGL(2; 23)pis contained in B. So we only run a program to �nd out that PGL(2; 23)p and itsconjugate together generate S25. Then we see that only the trivial and the completedesigns may have automorphism group B. Thus, also in this case we can concludethat all designs which are �xed by PGL(2; 23)p are pairwise non-isomorphic.4. DESCRIPTION OF DESIGNSThe following tables show designs for the parameter sets listed in Theorem 1.1 andTheorem 1.2. The �rst column shows orbit representatives of all k-orbits. Thelength of the orbits is shown in the second column. For each �, there are somecolumns of 0/1 matrix entries. Each of these columns is a solution vector of theKramer-Mesner system of equations. Thus, an entry 1 in the i-th row means thatthe i-th orbit belongs to the design described by this solution vector. A 0-entrymeans that this orbit does not belong to that design.For small numbers of solutions we completely list all isomorphism types. Toindicate completeness of the solutions, we mark that column by a \3"-sign. In the



8 BETTEN, LAUE, WASSERMANNother cases only 5 solutions are given to enable the analysis of such designs. A morecomplete listing can be found in the electronic tables of the journal or on the webpages of the authors. The addresses are:http://www.emba.uvm.edu/~jcd/reports/282/pub_7designs_jcd.htmlhttp://www.mathe2.uni-bayreuth.de/betten/PUB/pub_7designs_jcd.html4.1 Representation of the automorphism groupsWe use the following permutation representation of PGL(2; 23), a group of order12144. Generators are the permutations� = (3 7 4 12 6 22 10 19 18 13 11 24 20 23 15 21 5 17 8 9 14 16)� = (3 16 14 9 8 17 5 21 15 23 20 24 11 13 18 19 10 22 6 12 4 7) = (2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24)� = (1 3 14 10 8 16 6 12 5 20 9 23 4 18 7 22 15 21 11 19 17 13 24)The permutations �2; , and � generate PSL(2; 23), a group of order 6072. Thegroup PGL(2; 23)p results from adding the �xed point 25 to each of the generators.We use the following permutation representation of P�L(2; 25), a group of order31200. Generators are the permutations� = (1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24)� = (1 17 14 15 10)(2 5 13 22 3)(4 11 9 19 8)(6 18 12 25 24)(7 21 23 16 20) = (1 8 4 17 3)(2 21 22 19 11)(5 16 20 13 15)(6 12 26 24 18)(7 10 9 14 23)� = (1 5)(2 10)(3 15)(4 20)(7 11)(8 16)(9 21)(13 17)(14 22)(19 23)The permutations �; �, and  generate the group PGL(2; 25), a group of order15600.4.2 Designs with automorphism group PGL(2; 23)



SIMPLE 7-DESIGNS WITH SMALL PARAMETERS 9
TABLE I. 7-(24,9,�) Designsorbits on 9-subsets of V solutions orbits on 9-subsets of V solutionsrepresentative length � = 40 � = 48 � = 68 representative length � = 40 � = 48 � = 681 2 3 4 5 6 7 11 12 6072 11111 11111 11111 1 2 3 4 5 7 11 13 18 2024 11111 00000 111111 2 3 4 5 6 7 8 9 6072 00100 10000 11111 1 2 3 4 5 7 10 11 13 6072 01010 10011 111111 2 3 4 5 6 7 9 12 12144 00110 00001 11001 1 2 3 4 5 6 8 12 14 12144 00000 10010 000001 2 3 4 5 6 7 12 15 12144 01001 00000 00000 1 2 3 4 5 6 8 9 23 12144 10010 00001 101011 2 3 4 5 6 7 10 20 6072 00000 00000 00000 1 2 3 4 5 7 8 9 10 6072 00110 11111 000001 2 3 4 5 6 7 8 13 12144 10000 00010 00000 1 2 3 4 5 6 10 13 17 12144 00000 00011 000011 2 3 4 5 6 7 8 12 12144 00000 10000 10110 1 2 3 4 5 6 8 14 21 12144 00111 01100 110111 2 3 4 5 6 7 12 14 12144 11011 00111 11111 1 2 3 4 5 7 8 10 22 12144 01000 10110 111001 2 3 4 5 6 7 10 12 6072 10110 00000 00000 1 2 3 4 5 6 9 10 17 12144 10000 00000 101001 2 3 4 5 6 7 8 10 12144 00001 00111 01101 1 2 3 4 5 7 8 16 22 6072 11111 11111 111111 2 3 4 5 6 7 8 11 12144 00000 11000 00010 1 2 3 4 5 6 8 9 10 12144 01010 01000 110111 2 3 4 5 6 7 8 14 12144 00000 01100 00000 1 2 3 4 5 6 8 9 12 12144 10010 10000 001101 2 3 4 5 6 7 8 15 12144 10010 01011 00000 1 2 3 4 5 6 8 9 13 12144 01000 10100 011101 2 3 4 5 6 7 8 16 12144 01100 00000 01011 1 2 3 4 5 6 8 9 15 12144 01100 10000 000011 2 3 4 5 6 7 11 13 12144 00100 01100 00010 1 2 3 4 5 6 8 9 16 6072 01101 01111 111111 2 3 4 5 6 7 13 17 12144 00001 01000 10110 1 2 3 4 5 6 8 9 17 12144 00000 01011 111101 2 3 4 5 6 7 13 19 6072 01000 11100 00000 1 2 3 4 5 6 8 9 18 12144 10111 00100 001101 2 3 4 5 6 7 13 16 12144 01011 00000 11111 1 2 3 4 5 6 8 9 22 12144 01110 00001 001001 2 3 4 5 6 7 10 11 12144 01000 10100 01101 1 2 3 4 5 6 8 10 13 4048 11111 00000 111111 2 3 4 5 6 7 13 18 12144 00000 11001 10000 1 2 3 4 5 6 8 10 16 12144 10001 10000 010001 2 3 4 5 6 7 10 13 12144 00110 01011 01100 1 2 3 4 5 6 8 10 17 12144 00110 11100 011001 2 3 4 5 6 7 13 14 12144 00000 10010 11111 1 2 3 4 5 6 8 10 21 12144 00110 10000 100011 2 3 4 5 6 7 10 19 12144 00111 00100 00001 1 2 3 4 5 6 8 10 22 12144 00100 01010 100101 2 3 4 5 6 7 13 15 6072 00000 11100 11111 1 2 3 4 5 6 8 12 15 6072 01011 01100 111111 2 3 4 5 7 9 13 14 12144 00000 00001 11111 1 2 3 4 5 6 8 12 17 12144 00001 00100 110001 2 3 4 5 7 8 10 13 12144 11100 11000 10110 1 2 3 4 5 6 8 12 18 12144 00000 00100 111111 2 3 4 5 7 8 9 22 12144 10001 00000 11010 1 2 3 4 5 6 8 12 21 12144 10000 01111 110011 2 3 4 5 7 9 10 22 12144 11100 10110 01111 1 2 3 4 5 6 8 12 22 12144 00000 01110 011111 2 3 4 5 7 9 13 21 12144 00001 00000 00000 1 2 3 4 5 6 8 16 22 6072 00000 11111 000001 2 3 4 5 7 9 13 18 12144 01000 00010 11000 1 2 3 4 5 6 8 17 18 12144 11001 10100 000001 2 3 4 5 7 8 13 20 12144 00010 00000 00001 1 2 3 4 5 6 8 17 21 12144 00000 00010 000011 2 3 4 5 7 8 9 13 12144 00000 00101 00001 1 2 3 4 5 6 8 17 22 12144 00000 00010 100101 2 3 4 5 6 8 10 14 6072 00000 00011 11111 1 2 3 4 5 6 8 21 22 12144 00001 00000 010011 2 3 4 5 6 9 19 21 6072 00001 11111 11111 1 2 3 4 5 6 9 10 12 6072 11110 11111 111111 2 3 4 5 7 8 10 11 12144 00110 01000 01000 1 2 3 4 5 6 9 10 13 12144 01101 10010 001111 2 3 4 5 7 8 13 21 4048 11111 00000 11111 1 2 3 4 5 6 9 10 14 12144 11100 00001 101111 2 3 4 5 7 8 13 17 6072 11111 11111 11111 1 2 3 4 5 6 9 10 18 12144 10000 10001 000001 2 3 4 5 6 9 13 17 6072 00000 11111 11111 1 2 3 4 5 6 9 10 19 12144 01000 00001 100011 2 3 4 5 7 8 14 16 12144 10010 00110 01100 1 2 3 4 5 6 9 13 14 12144 11101 10000 001111 2 3 4 5 6 7 14 16 12144 00100 10000 00000 1 2 3 4 5 6 9 13 18 12144 00010 00000 010001 2 3 4 5 7 10 11 14 6072 00000 11111 00000 1 2 3 4 5 6 9 13 19 12144 00000 00000 000011 2 3 4 5 7 10 13 17 6072 00001 00000 00000 1 2 3 4 5 6 9 13 21 12144 00000 11001 000001 2 3 4 5 6 7 9 10 12144 00000 00000 10001 1 2 3 4 5 6 9 14 19 12144 01010 00010 111111 2 3 4 5 6 7 9 11 12144 11010 00011 11100 1 2 3 4 5 6 9 14 21 12144 00000 00001 010101 2 3 4 5 6 7 9 14 12144 00001 11110 00000 1 2 3 4 5 6 10 12 14 12144 00001 00000 110011 2 3 4 5 6 7 9 17 12144 00000 11100 00110 1 2 3 4 5 6 10 13 14 12144 00110 00000 000101 2 3 4 5 6 7 9 18 6072 11000 00000 11111 1 2 3 4 5 6 10 13 18 12144 10000 01100 000101 2 3 4 5 6 7 9 23 2024 11111 00000 11111 1 2 3 4 5 6 10 13 19 12144 11001 11001 010001 2 3 4 5 6 7 10 14 12144 00110 00000 11100 1 2 3 4 5 6 10 13 21 6072 10000 11111 111111 2 3 4 5 6 7 10 15 12144 10101 01011 00000 1 2 3 4 5 6 10 14 17 12144 01000 10000 101001 2 3 4 5 6 7 10 16 12144 00000 01101 11111 1 2 3 4 5 6 10 17 19 12144 00100 00011 101001 2 3 4 5 6 7 10 17 12144 00001 01110 10010 1 2 3 4 5 8 9 10 13 6072 10111 11111 111111 2 3 4 5 6 7 10 18 12144 01010 10000 01011 1 2 3 4 5 7 8 11 16 12144 00010 01110 111011 2 3 4 5 6 7 10 22 6072 11011 10000 11111 1 2 3 4 5 7 9 14 21 12144 00000 01110 101001 2 3 4 5 6 7 11 17 12144 10001 00011 00011 1 2 3 4 5 7 8 9 16 12144 00000 10001 000011 2 3 4 5 6 7 14 15 12144 01000 11101 00100 1 2 3 4 5 7 8 9 14 12144 10000 01101 111101 2 3 4 5 6 7 14 17 12144 00100 00100 11101 1 2 3 4 5 7 9 16 22 12144 00001 00010 001111 2 3 4 5 6 7 14 18 2024 11111 00000 11111 1 2 3 4 5 7 9 16 17 6072 00110 00000 000001 2 3 4 5 6 7 15 16 12144 10000 00001 11010 1 2 3 4 5 7 8 9 18 12144 00001 01011 100111 2 3 4 5 6 7 15 17 6072 01000 00011 11111 1 2 3 4 5 7 8 9 17 12144 00000 00000 000001 2 3 4 5 7 8 18 21 12144 11001 10101 01011 1 2 3 4 5 7 8 10 18 6072 00111 11111 111111 2 3 4 5 7 8 14 22 12144 00100 01000 00100 1 2 3 4 5 7 8 14 21 6072 00011 10000 111111 2 3 4 5 6 10 12 13 12144 10000 00000 00010



10 BETTEN, LAUE, WASSERMANNTABLE II. 6-(24,8,�) Designsorbits on 8-subsets of V solutionsrepresentative length � = 36 � = 45 � = 54 � = 63 � = 723 31 2 3 4 5 6 7 12 6072 010000000 1110000011001111000000100000010100000001100100110 00000 00000 111111 2 3 4 5 6 7 8 6072 001000101 0010000111001100100000000010000110010000001011000 11111 11111 000001 2 3 4 5 6 7 13 12144 000010010 0000100000000000101011011000000000110110000000001 10001 00011 000101 2 3 4 5 7 9 13 12144 100000100 1011001000000000100000000111000001001110000110000 01010 01001 101011 2 3 4 5 7 8 13 12144 000000000 0001101000000000010100000001101110000000101000000 00000 00001 100111 2 3 4 5 8 10 20 3036 111010111 1010000100001011010011011101111001101101010100110 01110 11100 010101 2 3 4 5 7 13 19 12144 000101000 0100010100110010000000101100000001010000010001101 00010 11110 010001 2 3 4 5 7 13 17 12144 000000000 0000010011110001001000000010010000101001000010000 10101 10100 011001 2 3 4 5 6 7 9 6072 010110001 0001011001110011001000001111101010100000000001110 00001 00010 111111 2 3 4 5 6 7 10 12144 000000000 0100010000100100000100000000010000000000000100010 01110 11110 001001 2 3 4 5 6 7 11 6072 101101000 0000111110011000011111110100101111001001111011001 11100 11000 000111 2 3 4 5 6 7 14 12144 000000000 0000000000000000000000000000100000010010010001001 01000 00110 000001 2 3 4 5 6 7 15 12144 001001110 1000000000000000010000000011010000000110001000000 00001 00000 111111 2 3 4 5 6 7 16 6072 100010000 0001000000111000000110110000000000100001010100010 00100 00001 111001 2 3 4 5 7 11 13 12144 000011001 0100000000000100000101001000000000000000001000000 10010 00100 010001 2 3 4 5 7 9 10 12144 010000001 1111000000001111001001101110111011110110010001001 00101 10110 001011 2 3 4 5 7 13 16 6072 000100110 1110100101110101110010010000000000000000010001010 11001 00010 111001 2 3 4 5 7 10 11 12144 001100010 0000000000000000100010010000000000000000000000110 00100 11011 101001 2 3 4 5 7 10 13 12144 110000001 0000000111001100000000000000001110001001100110110 11000 01000 110111 2 3 4 5 6 8 14 6072 011100000 0000000000000011111111110000000000000111111111111 00000 11111 000001 2 3 4 5 7 8 22 6072 100011000 0000111111110010000011110000000001111000100000000 00011 00001 111111 2 3 4 5 6 13 17 3036 011111111 1111111111111111111111110000000000000000000000000 11111 00000 111111 2 3 4 5 6 8 9 12144 010001000 0001000000000000000000000000001001001000000010000 00000 01101 110011 2 3 4 5 6 8 10 12144 000000010 0110000000000000000000000100000101000001000000000 10010 11000 101101 2 3 4 5 6 8 12 12144 000000001 0000010000100000000000000000000000000000100000000 00010 10100 110111 2 3 4 5 6 8 15 3036 011111111 1111111111111111111111110000000000000000000000000 11111 00000 111111 2 3 4 5 6 8 16 6072 100100000 0000001111001000010110011110000100110110000001001 11011 00001 001001 2 3 4 5 6 8 17 12144 100000100 0000110000000100000001101000111000001000100100110 00000 11110 000111 2 3 4 5 6 8 18 6072 100000000 1100101000000001001000000001111111100000101000100 00100 00000 000111 2 3 4 5 6 8 21 12144 000010000 0000000000010010100000000000000000010000010000000 11100 00010 001001 2 3 4 5 6 8 22 12144 000000000 1110100000000001000000000001100010000001010000001 01100 00000 010001 2 3 4 5 6 8 23 3036 000000000 1111111111111111111111111111111111111111111111111 00000 11111 000001 2 3 4 5 6 9 10 12144 100100110 0001000010000011010010101100101001111010110001100 10110 10100 111011 2 3 4 5 6 9 13 12144 000010100 0000000001100010100000011000000101101000000010000 00011 00101 110101 2 3 4 5 6 9 14 12144 000000001 1000000110001100000101000111010010001101101110000 11000 10000 011011 2 3 4 5 6 9 19 12144 001000000 1010101100010000111001101000000000010110010000101 00001 00011 000101 2 3 4 5 6 9 22 3036 000000000 1111111111111111111111111111111111111111111111111 00000 11111 000001 2 3 4 5 6 10 12 6072 011100010 1101000100001111111111110011101001000001001010101 00000 11111 110001 2 3 4 5 6 10 13 12144 000100100 1001101100110000110100000001010000000000110000000 00000 00100 000001 2 3 4 5 6 10 14 12144 100000000 0000000011000100000010001000001010001000000100010 10001 00001 111011 2 3 4 5 6 10 17 12144 100000000 0000011101110000000000000011000000001100000100000 00010 01001 000001 2 3 4 5 6 10 18 12144 000001001 0111001000001011000000010111000111000100001000000 01110 11001 111011 2 3 4 5 6 10 19 6072 110001011 1111100100000001000001010110110010100111000010100 00101 11000 101011 2 3 4 5 6 10 21 6072 011101001 0000001111111100001111110000000000111000001111111 11111 11111 000001 2 3 4 5 6 13 14 6072 100011100 0011110010011000010110101100011101110001101110110 00010 11111 010101 2 3 4 5 6 13 18 6072 000010000 0010010111000110110001001110000000111110000011001 11111 00001 111111 2 3 4 5 8 10 13 12144 000000000 0000010010001011000000000000110000000000001001000 01100 10110 010011 2 3 4 5 7 9 16 12144 001000000 0000101101000000011000001001000111000000101000100 00110 01001 000111 2 3 4 5 9 10 12 6072 000001000 1111101010111011000010110100000110010101010100001 01001 10011 011001 2 3 4 5 8 9 10 12144 000001000 1101000100000000100101100000100011010010110010100 01000 00010 010001 2 3 4 5 7 8 18 12144 010100100 1010001101110011011110010101010000100001110000010 11100 11001 001101 2 3 4 5 7 8 20 6072 011110100 0101011010000010110100010101100110100000011101001 00010 01110 100001 2 3 4 5 7 10 17 12144 000010000 0010110000110000100000000000000000000000000001010 00000 00000 100111 2 3 4 5 7 9 22 12144 001000000 0000000000000000000000000000101100000000000000000 00011 00101 110111 2 3 4 5 7 14 20 6072 001000000 0001100000110100110010000000001110000111100000111 00000 11111 000001 2 3 4 5 7 18 20 6072 100100100 0010110001001000000110100000001100100010110001010 11111 00000 111111 2 3 4 5 7 8 10 12144 000001001 0000010001100100001111000010000000001110000010001 01001 10101 111001 2 3 4 5 7 8 21 12144 100001000 0100000000000001001010000000000001000010000001010 11000 01000 010011 2 3 4 5 7 10 22 12144 000111110 0000000000000000000000011110000000010000001001000 10000 00000 001111 2 3 4 5 7 8 9 12144 000000000 0000000010001011000000010000010000000001001000000 11100 10100 011011 2 3 4 5 7 8 14 12144 000110010 0001000010001000000000101101111001110000000011100 00110 00010 111101 2 3 4 5 7 9 17 12144 010000000 0011101101000100000011100001000000000000110001000 10000 01011 101001 2 3 4 5 7 8 17 6072 110100001 1000000000111110101010000000001001001110000110011 01011 11110 100011 2 3 4 5 7 9 14 6072 100101111 0100110000010111110101110010011000101110100010011 00101 01011 110111 2 3 4 5 7 10 14 6072 011010010 1101001100000000011001011110100100111111010100000 10011 01010 001101 2 3 4 5 7 10 16 12144 010000000 1010101010001001001101100001111001100000001011000 00001 00100 100111 2 3 4 5 7 9 18 12144 100000010 0000000010001000100010000000000100000100001100100 10000 10000 100001 2 3 4 5 7 11 17 12144 001000000 0010000000010011010000110010000010011001000100011 00101 10001 001111 2 3 4 5 7 8 11 6072 000000111 0101110001001100100101101010000100000001111100101 10000 00110 010001 2 3 4 5 7 9 21 12144 011010000 1100010001100000100000010010101110110001000011110 00001 01010 101101 2 3 4 5 7 8 16 12144 001000010 0010001010010001010000000101000010000101000100001 00110 01001 000101 2 3 4 5 7 11 19 12144 010000101 0001000101001110011000000000010100000010100000000 11000 11110 000111 2 3 4 5 7 11 18 6072 000010010 0001000110000110101001001100010011001110000110000 00001 00011 111111 2 3 4 5 7 16 19 1518 110101000 1111011010000000100100000010010000001011001110011 00000 00000 000001 2 3 4 5 9 13 16 6072 000010001 0100110000100000011100001000000100101000000000110 00000 10000 110101 2 3 4 7 8 16 22 3036 100000000 0000000000000000000000001111111111111111111111111 11111 00000 111111 2 3 4 5 9 12 17 3036 010000000 1010100001110100001000101111101001100110011010101 01110 00011 101011 2 3 4 5 8 9 16 6072 101000001 1100111000000000001111000001110000000001001100001 00011 11111 000001 2 3 4 5 8 9 13 6072 001111010 0000000000110100001010111010000000010010010100011 00111 00110 001101 2 3 4 5 8 12 14 6072 011000110 1000011000110000000100000110101100100001010000000 00001 01110 101101 2 3 4 5 8 9 12 6072 000111101 0100010001001100011101010000001010010100001000001 01000 00000 011101 2 3 4 5 8 12 21 1518 110101000 1111011010000000100100000010010000001011001110011 11111 11111 000001 2 3 4 7 8 9 17 759 000000000 1111111111111111111111111111111111111111111111111 00000 11111 00000



SIMPLE 7-DESIGNS WITH SMALL PARAMETERS 114.3 Designs with automorphism group PSL(2; 23)TABLE III. 7-(24,8,�) Designsorbits on 8-subsets of V solutions orbits on 8-subsets of V solutions� = � =representative len. 4 5 6 7 8 8 representative len. 4 5 6 7 8 83 3 3 3f 1 2 3 4 5 6 7 12 6072 1 00000 01101 00000 00000 1110 1 2 3 4 5 6 13 16 6072 0 00000 10101 10100 11101f 1 2 3 4 5 6 7 8 6072 0 11111 10010 10110 10010 0000 f 1 2 3 4 5 6 13 18 6072 1 00000 00000 10000 00001 0000s 1 2 3 4 5 6 7 13 6072 0 01101 11100 10010 11111 0111 1 2 3 4 5 6 13 23 3036 0 10011 11001 01010 00110s 1 2 3 4 5 7 9 13 6072 0 00000 10001 10111 11001 1011 1 2 3 4 5 6 17 18 3036 0 01101 00101 10101 00110s 1 2 3 4 5 7 8 13 6072 0 00000 00010 10001 00110 0000 s1 2 3 4 5 8 10 13 6072 1 10000 10001 11111 00000 0010f 1 2 3 4 5 8 10 20 3036 0 11111 00010 01111 11100 0100 1 2 3 4 5 8 20 21 6072 1 10000 00000 00000 001011 2 3 4 5 7 10 20 6072 1 00000 00000 01100 01001 1 2 3 4 5 10 12 17 3036 0 00110 01111 01101 110101 2 3 4 5 10 11 14 6072 0 00000 01001 10010 10000 1 2 3 4 5 8 16 20 6072 0 01000 00101 01100 011111 2 3 4 5 8 10 11 6072 0 01100 01001 10010 10111 s1 2 3 4 5 7 8 18 6072 0 10011 01000 00011 00000 0000s 1 2 3 4 5 7 13 17 6072 0 10011 10100 01101 00011 1011 1 2 3 4 5 8 10 17 3036 0 00000 01100 10010 00000s 1 2 3 4 5 7 13 19 6072 0 00000 00100 01000 00101 1101 s1 2 3 4 5 7 10 17 6072 0 01000 10010 10011 00111 10111 2 3 4 5 10 11 16 6072 0 00000 10010 00001 11010 1 2 3 4 5 7 16 17 6072 0 10000 10010 10010 011011 2 3 4 5 6 7 19 6072 0 10010 11101 01000 01111 s1 2 3 4 5 7 9 16 6072 1 01000 00011 11010 00110 0100f 1 2 3 4 5 6 7 9 6072 0 00000 00000 01000 01101 1110 1 2 3 4 5 7 10 18 6072 0 01100 10110 01001 00101s 1 2 3 4 5 6 7 10 6072 0 00010 01011 10000 00000 0001 s1 2 3 4 5 7 9 22 6072 0 01000 00000 00101 00010 0010s 1 2 3 4 5 6 7 11 3036 1 01010 10100 10111 11111 1000 s1 2 3 4 5 9 10 12 3036 0 00111 01100 10100 11100 1000s 1 2 3 4 5 6 7 14 6072 0 00000 00010 01001 01000 0011 1 2 3 4 5 8 9 11 6072 1 10000 00001 01100 11001s 1 2 3 4 5 6 7 15 6072 1 10000 00000 00111 10101 1101 s1 2 3 4 5 7 8 20 3036 0 00000 11100 11100 00001 1001f 1 2 3 4 5 6 7 16 6072 0 00000 00000 00111 11000 0000 s1 2 3 4 5 8 9 10 6072 0 10001 11000 10001 00010 00111 2 3 4 5 6 7 17 6072 0 01000 00011 01000 10010 1 2 3 4 5 8 13 20 6072 0 01000 00010 00000 000101 2 3 4 5 6 7 18 6072 0 00001 10000 11111 11111 1 2 3 4 5 10 16 23 3036 0 11111 01100 00000 000001 2 3 4 5 6 7 21 3036 0 10101 01011 11001 00111 f 1 2 3 4 5 7 18 20 6072 0 11110 00001 00001 00111 00001 2 3 4 5 6 7 22 6072 0 00100 00100 00101 00000 s1 2 3 4 5 7 8 10 6072 1 00010 00010 01001 01011 1011s 1 2 3 4 5 7 11 13 6072 1 10100 00000 01000 00000 0100 s1 2 3 4 5 7 8 21 6072 0 00100 10000 11000 00000 0111s 1 2 3 4 5 7 9 10 6072 0 10011 00000 10010 11010 0110 s1 2 3 4 5 7 10 22 6072 0 00000 10000 00000 11001 1100f 1 2 3 4 5 7 13 16 6072 0 11111 11110 01111 11111 0010 1 2 3 4 5 8 16 17 6072 0 00000 01001 00101 100001 2 3 4 5 7 13 21 6072 0 01000 01010 00111 01111 1 2 3 4 5 8 11 21 6072 0 00000 00100 11110 11111s 1 2 3 4 5 7 10 13 6072 0 00101 01011 00100 10100 1100 1 2 3 4 5 8 10 21 6072 0 00001 00110 00000 10011f 1 2 3 4 5 6 8 14 6072 0 00000 00001 00000 00000 1100 f 1 2 3 4 5 7 8 17 6072 0 11111 11101 01111 01110 1110f 1 2 3 4 5 7 8 22 6072 1 00000 01100 01000 01100 0010 1 2 3 4 5 8 10 16 3036 1 00000 11111 11000 001001 2 3 4 5 9 11 16 6072 0 01101 00001 11110 00010 1 2 3 4 5 9 11 17 3036 1 10101 01100 00000 11011f 1 2 3 4 5 6 13 17 3036 1 11110 11111 00000 00000 1100 s1 2 3 4 5 7 10 16 6072 0 01100 00001 00000 00010 0111s 1 2 3 4 5 7 10 11 6072 0 10000 10100 11000 11111 0011 1 2 3 4 5 7 18 22 6072 0 01110 00001 11110 110101 2 3 4 5 9 10 11 6072 1 00010 10100 00001 11101 s1 2 3 4 5 7 11 17 6072 0 10010 01001 00001 01000 10101 2 3 4 5 7 18 21 6072 0 01011 00010 10110 00000 s1 2 3 4 5 7 8 11 3036 1 00000 00000 00000 00000 0100s 1 2 3 4 5 6 8 9 6072 0 01000 10001 10001 00100 1011 1 2 3 4 5 7 11 16 6072 0 00001 11110 10100 11101s 1 2 3 4 5 6 8 10 6072 0 10111 01100 01000 11111 0111 1 2 3 4 5 7 14 21 6072 0 01100 10100 00000 10000s 1 2 3 4 5 6 8 12 6072 0 01000 10010 00100 00111 0010 s1 2 3 4 5 7 8 9 6072 0 00000 00110 00011 11100 0100f 1 2 3 4 5 6 8 15 3036 1 00000 01111 11110 00000 1100 s1 2 3 4 5 7 10 14 3036 0 01010 01100 11111 00100 1110f 1 2 3 4 5 6 8 16 6072 0 00110 00000 10000 01000 0110 1 2 3 4 5 7 9 19 6072 0 00100 10001 10000 00000s 1 2 3 4 5 6 8 17 6072 0 00001 01010 00001 00010 1111 s1 2 3 4 5 7 8 16 6072 1 10101 01011 01010 11011 0001s 1 2 3 4 5 6 8 18 3036 1 01100 10110 01010 11001 0000 s1 2 3 4 5 7 8 14 6072 0 00001 01000 00000 11111 0101s 1 2 3 4 5 6 8 21 6072 0 00000 00001 11101 00010 1001 s1 2 3 4 5 7 11 19 6072 0 01100 00001 00011 10110 1110s 1 2 3 4 5 6 8 22 6072 1 10010 11100 00010 11011 0001 1 2 3 4 5 7 11 20 6072 0 00010 00000 00011 01000f 1 2 3 4 5 6 8 23 3036 0 00001 01111 11111 11111 0000 f 1 2 3 4 5 7 11 18 6072 0 00000 01101 00010 11111 1110s 1 2 3 4 5 6 9 10 6072 0 00101 00010 01010 00010 0100 1 2 3 4 5 7 11 14 6072 0 10011 10001 00010 111111 2 3 4 5 6 9 12 6072 0 00010 00000 11101 01000 1 2 3 4 5 7 17 21 3036 0 00000 00000 11111 11111s 1 2 3 4 5 6 9 13 6072 0 01101 11110 01010 01110 0110 s1 2 3 4 5 7 9 21 6072 1 00000 01111 01100 11100 1101s 1 2 3 4 5 6 9 14 6072 0 01010 00000 00111 10011 1000 s1 2 3 4 5 7 9 17 6072 1 00000 11001 10000 10101 10011 2 3 4 5 6 9 16 6072 1 10000 10000 00000 10011 s1 2 3 4 5 7 16 19 759 0 10011 11100 00000 00000 10001 2 3 4 5 6 9 17 6072 0 10011 11100 00110 11100 s1 2 3 4 5 7 14 20 3036 1 11110 11111 11111 11111 10011 2 3 4 5 6 9 18 6072 0 10100 00001 10000 10000 1 2 3 4 5 7 20 22 6072 0 00000 00010 11010 10000s 1 2 3 4 5 6 9 19 6072 0 01000 00001 10100 10111 1111 1 2 3 4 5 7 21 22 6072 0 10011 10000 01001 001011 2 3 4 5 6 9 21 6072 1 10001 10011 00011 11111 s1 2 3 4 5 7 9 18 6072 0 10111 10000 00100 00011 1101f 1 2 3 4 5 6 9 22 3036 1 00000 01111 11111 11111 0000 s1 2 3 4 5 7 9 14 3036 1 00000 01100 00000 11011 00101 2 3 4 5 6 9 23 6072 0 01101 01110 11101 00000 1 2 3 4 5 14 17 21 3036 1 00110 00000 11000 11111f 1 2 3 4 5 6 10 12 6072 0 00000 11100 00010 11000 0100 s1 2 3 4 7 8 16 22 1518 0 00001 11110 10011 00000 1100s 1 2 3 4 5 6 10 13 6072 0 01000 00010 00111 00011 1001 1 2 3 4 5 8 9 17 6072 0 01010 00110 10100 00101s 1 2 3 4 5 6 10 14 6072 0 00101 00000 10101 11110 0100 f 1 2 3 4 5 9 12 17 3036 1 00001 10001 11000 11011 00001 2 3 4 5 6 10 16 6072 0 10001 10010 00001 00100 f 1 2 3 4 5 8 9 16 6072 0 00000 00010 01111 01100 0100s 1 2 3 4 5 6 10 17 6072 1 00000 00000 00100 10001 1001 1 2 3 4 7 9 10 12 1518 1 00000 11101 01101 00000s 1 2 3 4 5 6 10 18 6072 0 00000 01010 11011 01010 0010 s1 2 3 4 5 9 13 16 3036 0 00110 00000 00000 00000 1111s 1 2 3 4 5 6 10 19 3036 0 10100 00111 01110 11001 1110 s1 2 3 4 5 8 9 13 3036 0 00000 11111 11111 11111 1000f 1 2 3 4 5 6 10 21 6072 0 11111 10000 01010 00000 0000 1 2 3 4 5 8 14 21 3036 1 01100 11111 00000 000001 2 3 4 5 6 10 23 6072 1 00000 00000 11101 11101 s1 2 3 4 5 8 9 12 3036 0 10011 01100 11000 00000 01011 2 3 4 5 6 12 13 6072 0 00000 00011 11010 11000 1 2 3 4 5 8 12 14 3036 0 10010 11111 11111 111111 2 3 4 5 6 12 14 6072 1 00000 00100 10100 10000 1 2 3 4 5 8 13 16 3036 0 00001 01100 00000 000001 2 3 4 5 6 12 16 6072 0 01110 01100 00011 01111 1 2 3 4 5 8 16 21 3036 1 01100 01100 00111 111111 2 3 4 5 6 12 17 6072 0 10000 00000 11111 10100 1 2 3 4 5 11 14 23 759 1 01100 11100 00000 000001 2 3 4 5 6 12 18 6072 0 00010 00010 00100 01101 f 1 2 3 4 5 8 12 21 1518 0 00001 00000 00001 00000 10001 2 3 4 5 6 12 21 3036 0 01011 01011 01000 11111 f 1 2 3 4 7 8 9 17 759 1 00000 00000 11111 00000 0000s 1 2 3 4 5 6 13 14 3036 0 10010 11001 11101 00111 1010The last column in the table shows all 7-(24,8,8) designs with automorphismgroup PGL(2; 23). Orbit representatives preceded by "f" represent an orbit of



12 BETTEN, LAUE, WASSERMANNPGL(2; 23) which is also an orbit of PSL(2; 23). Orbit representatives preceded by"s" represent an orbit of PGL(2; 23) which splits into 2 orbits of PSL(2; 23).4.4 Designs with automorphism group PGL(2; 23)pTABLE IV. 6-(25,8,�) Designsorb. on 8-subs. of V solutions orb. on 8-subs. of V solutions� = � =representative len. 36 45 54 63 72 81 representative len. 36 45 54 63 72 812 3 4 5 6 7 8 13 6072 00001 00000 11000 11000 10000 00000 2 3 4 5 6 7 9 18 3036 00000 11111 00000 11111 00000 111111 2 3 4 5 6 11 21 6072 00001 01101 11011 00100 11010 11010 2 3 4 5 6 7 9 19 6072 01101 01111 00001 11111 00000 110102 3 4 5 6 7 8 9 12144 00000 10010 00000 00001 01011 11111 2 3 4 5 6 7 9 22 12144 00000 11010 00000 11001 11110 111112 3 4 5 6 7 8 14 6072 10000 01001 00011 00011 00100 00111 2 3 4 5 6 7 9 23 12144 10100 00001 11111 00000 11111 111112 3 4 5 6 8 10 14 12144 00000 00000 00000 00000 00000 00101 2 3 4 5 6 7 9 24 12144 00011 11111 00000 11111 00000 000002 3 4 5 6 8 9 14 6072 10110 01111 11111 00101 10111 11100 2 3 4 5 6 7 10 11 12144 00000 00000 00000 00000 00000 001002 3 4 5 6 9 11 21 12144 10010 00000 00000 00010 01101 00001 2 3 4 5 6 7 10 14 6072 00000 11111 11111 00000 11111 111112 3 4 5 6 8 14 20 12144 01100 00000 00100 00110 10111 11010 2 3 4 5 6 7 10 15 6072 00000 00000 11111 00000 00000 000002 3 4 5 6 8 14 18 12144 10010 11111 00000 11000 11000 01111 2 3 4 5 6 7 10 20 6072 00000 11111 00000 11111 11111 111111 2 3 4 5 6 7 8 12144 01100 00000 01011 10110 10101 00100 2 3 4 5 6 7 10 23 3036 11111 11111 00000 00000 00000 000001 2 3 4 5 6 8 14 12144 01000 00000 00100 00000 01100 11000 2 3 4 5 6 7 11 13 6072 00000 00000 00000 00000 11111 111111 2 3 4 5 6 14 18 12144 00000 10100 11100 11000 01001 11000 2 3 4 5 6 7 11 14 12144 00000 00000 11111 00000 11111 111112 3 4 5 6 7 8 10 12144 00010 10100 00000 10000 10001 11000 2 3 4 5 6 7 11 15 12144 01011 00000 00000 00000 00000 000002 3 4 5 6 7 8 11 6072 00010 00000 10001 01001 00010 10110 2 3 4 5 6 7 11 18 6072 00000 00000 00000 00000 00000 000002 3 4 5 6 7 8 12 6072 01100 00010 00001 00101 00011 00101 2 3 4 5 6 7 11 19 12144 00000 00000 00000 00000 00000 111112 3 4 5 6 7 8 15 12144 00100 11001 10111 01111 00011 00011 2 3 4 5 6 7 11 20 12144 00000 11100 00000 00001 10010 111102 3 4 5 6 7 8 16 12144 00000 00100 00110 11110 00100 00100 2 3 4 5 6 7 11 22 12144 00010 10101 00000 00000 00100 100002 3 4 5 6 7 8 17 12144 00000 00001 01000 11011 00010 00011 2 3 4 5 6 7 14 15 6072 10111 00010 10000 11111 01010 000002 3 4 5 6 8 12 14 6072 10000 01101 10110 00001 01100 10011 2 3 4 5 6 7 14 19 12144 11001 00010 01000 00001 11100 110112 3 4 5 6 8 10 11 12144 00000 00000 00000 01000 00000 11000 2 3 4 5 6 9 11 14 6072 00000 00000 00000 00000 00000 000002 3 4 5 6 8 14 17 12144 00000 00010 00001 00101 11110 10110 2 3 4 5 6 8 10 17 12144 10011 00000 01000 00000 01001 110002 3 4 5 6 8 11 12 6072 01001 00000 00001 10000 01010 11100 2 3 4 5 6 10 11 13 6072 10000 01010 11100 11000 11110 010002 3 4 5 6 8 11 14 6072 11100 00010 10001 11010 00010 00110 2 3 4 5 6 9 10 11 12144 00000 00000 00001 00000 11000 011112 3 4 5 6 7 9 15 6072 00001 10010 11110 11001 11101 01111 2 3 4 5 6 8 9 19 12144 01010 00000 00000 00000 00111 101002 3 4 5 6 8 9 23 12144 00001 00000 01100 00100 10001 11001 2 3 4 5 6 8 9 21 6072 10011 00111 00000 00000 00000 000002 3 4 5 6 7 14 18 12144 10111 00010 11000 00010 00011 01000 2 3 4 5 6 8 11 18 12144 10100 00000 00110 00110 00111 111011 2 3 4 5 6 7 9 12144 00000 01010 10010 11100 10100 10101 2 3 4 5 6 8 10 23 12144 01100 10100 00101 00011 00000 001001 2 3 4 5 6 7 10 12144 01000 00101 00101 00100 11111 00000 2 3 4 5 6 8 15 21 12144 00010 10000 10000 00110 01000 000111 2 3 4 5 6 7 11 6072 00100 11000 11010 10011 00000 00111 2 3 4 5 6 8 19 21 12144 10100 01100 10110 11111 10001 011111 2 3 4 5 6 7 14 6072 00010 00001 00011 01000 10100 01001 2 3 4 5 6 8 9 11 12144 01001 01001 01111 11100 10101 000001 2 3 4 5 6 10 11 12144 00000 00000 00000 00001 01010 00111 2 3 4 5 6 8 9 22 12144 11000 00000 11111 00000 11111 000001 2 3 4 5 6 8 21 6072 00001 01000 11010 11111 01100 00011 2 3 4 5 6 8 11 23 12144 00101 00100 10100 00100 00000 110101 2 3 4 5 6 9 11 6072 01011 11110 00100 11111 10110 11000 2 3 4 5 6 8 9 10 6072 00000 11111 00000 11111 00000 111111 2 3 4 5 6 8 15 12144 10001 11001 01011 00011 11000 00010 2 3 4 5 6 8 9 15 12144 00000 00000 00000 00000 00000 111111 2 3 4 5 6 8 18 12144 00000 00000 00000 00000 00000 11111 2 3 4 5 6 8 10 18 12144 00000 00000 00000 00000 11111 000001 2 3 4 5 6 11 13 6072 00000 00100 10000 00000 01111 11110 2 3 4 5 6 8 9 18 12144 00000 00000 01010 00011 11011 000111 2 3 4 5 6 11 15 6072 00100 00001 00111 11110 11100 11111 2 3 4 5 6 8 10 15 12144 00100 00001 11111 11111 11111 000001 2 3 4 5 6 8 9 6072 00001 01000 00010 00101 11001 11000 2 3 4 5 6 8 11 15 12144 00000 00011 01011 11010 10101 001111 2 3 4 5 6 8 11 12144 00000 00000 00001 11001 10100 00111 2 3 4 5 6 8 11 17 6072 00000 00001 00011 00100 01110 101111 2 3 4 5 6 8 10 6072 11111 00000 00000 11111 00000 00000 2 3 4 5 6 8 10 19 12144 00011 10110 00000 00000 00000 111111 2 3 4 5 6 11 14 6072 10000 10110 00100 00000 00000 00010 2 3 4 5 6 8 12 18 6072 10100 10101 00101 00011 01111 100001 2 3 4 5 6 8 12 12144 00000 00000 11010 00000 00000 01001 2 3 4 5 6 8 9 12 12144 00000 11111 11111 11111 11111 111111 2 3 4 5 6 8 17 12144 00000 00000 00000 00000 00000 00000 2 3 4 5 6 8 10 22 12144 00000 01000 00000 11111 11111 000001 2 3 4 5 6 8 19 12144 00010 10010 01000 00010 00011 10101 2 3 4 5 6 8 9 17 6072 00011 11000 11111 11111 11111 111111 2 3 4 5 6 8 23 6072 00000 00000 00000 00000 11111 00000 2 3 4 5 6 8 12 20 1518 00000 11111 11111 11111 00000 111111 2 3 4 5 6 8 16 12144 01000 00100 00100 00010 00111 01110 2 3 4 5 6 8 12 19 6072 01000 11000 00010 00000 10001 001001 2 3 4 5 8 9 17 12144 00000 10000 11001 11001 11111 10110 2 3 4 5 6 8 17 20 12144 10000 01010 10000 11100 00000 010001 2 3 4 5 6 10 18 12144 00000 01110 10101 00101 10110 00000 2 3 4 5 6 10 14 17 6072 00111 00000 00000 00000 11111 000001 2 3 4 5 6 10 17 6072 11011 00101 00111 00110 01001 00000 2 3 4 5 8 9 17 23 6072 00100 00111 00000 11111 00000 000001 2 3 4 5 6 10 13 3036 11111 11111 00000 00000 00000 00000 2 3 4 5 6 10 13 18 6072 01100 00001 01101 11001 00011 100001 2 3 4 5 8 14 22 6072 10000 01000 00010 00100 10100 11011 2 3 4 5 6 9 10 17 12144 00000 00000 00011 00110 00000 000001 2 3 4 5 8 14 18 12144 00011 00000 01000 11001 01000 00001 2 3 4 5 6 9 10 14 3036 01111 11111 00000 11111 00000 111111 2 3 4 5 6 10 14 6072 00000 00000 11111 11111 00000 11111 2 3 4 5 6 9 13 15 6072 01000 00000 00000 11111 00000 000001 2 3 4 5 6 9 15 12144 11100 00001 10000 11010 11011 01010 2 3 4 5 6 9 10 13 1518 00000 00000 00000 11111 00000 000001 2 3 4 5 6 9 14 12144 00100 00000 00000 00000 00000 11000 1 2 3 4 5 6 9 10 6072 00000 00000 00000 00000 00000 111112 3 4 5 6 7 9 10 3036 00000 11111 00000 11111 00000 11111 1 2 3 4 5 6 9 13 3036 10000 00000 00000 00000 00000 111112 3 4 5 6 7 9 11 12144 01000 11000 11100 00010 01011 11111 1 2 3 4 5 8 9 10 6072 00000 00000 00000 00000 00000 111112 3 4 5 6 7 9 13 12144 00000 00000 10110 11101 01110 10101 2 3 4 5 6 9 13 22 759 00000 11111 00000 11111 00000 111112 3 4 5 6 7 9 16 12144 00000 00010 11011 11000 10000 01011 2 3 4 5 8 9 10 18 3036 00000 00000 00000 11111 00000 000002 3 4 5 6 7 9 17 12144 00000 00001 00000 00100 01111 10101



SIMPLE 7-DESIGNS WITH SMALL PARAMETERS 134.5 Designs with automorphism group P�L(2; 25)TABLE V. 7-(26,9,�) Designsorbits on 9-subsets of V solutions orbits on 9-subsets of V solutionsrepresentative length � = 54 � = 63 � = 81 representative length � = 54 � = 63 � = 811 2 3 4 5 7 11 17 18 15600 11111 11000 00000 1 2 3 4 5 7 8 9 26 15600 00011 10100 110011 2 3 4 5 6 7 8 9 31200 10001 01000 11011 1 2 3 4 5 7 8 15 26 31200 00110 00010 000101 2 3 4 5 7 8 10 24 31200 01000 10011 11100 1 2 3 4 5 7 8 15 18 31200 11110 10001 011111 2 3 4 5 7 9 11 17 31200 10100 10010 11110 1 2 3 4 5 7 8 16 26 15600 11111 00000 000001 2 3 4 5 7 11 17 26 31200 00110 01011 00011 1 2 3 4 5 7 8 12 26 31200 01000 10111 000001 2 3 4 5 7 8 10 17 31200 00010 00000 10100 1 2 3 4 5 7 8 9 22 31200 00001 01000 011111 2 3 4 5 7 8 11 17 31200 01000 01000 01000 1 2 3 4 5 7 8 22 26 31200 00001 01010 100011 2 3 4 5 7 8 11 18 31200 00011 00101 01001 1 2 3 4 5 7 8 15 22 31200 10000 10001 001101 2 3 4 5 7 8 18 22 31200 01000 00100 00000 1 2 3 4 5 7 8 10 26 31200 00100 01010 100001 2 3 4 5 7 8 10 20 15600 00000 00000 00000 1 2 3 4 5 7 8 24 26 31200 00000 00000 100011 2 3 4 5 7 8 11 21 31200 00000 01101 00110 1 2 3 4 5 7 8 21 26 31200 11000 10011 010001 2 3 4 5 6 7 8 22 31200 00001 00101 10111 1 2 3 4 5 7 10 24 26 31200 10101 00100 111111 2 3 4 5 6 7 8 15 31200 01110 00011 01101 1 2 3 4 5 7 9 16 25 31200 01000 10100 111111 2 3 4 5 6 7 8 10 31200 10000 00110 00111 1 2 3 4 5 7 8 10 21 31200 00010 00110 111111 2 3 4 5 6 7 8 21 15600 00000 11111 11111 1 2 3 4 5 7 8 12 16 31200 01000 01001 000011 2 3 4 5 6 7 8 12 31200 00000 11011 11000 1 2 3 4 5 7 8 12 25 31200 01110 10101 000001 2 3 4 5 6 7 8 13 7800 00000 00000 11111 1 2 3 4 5 7 8 9 25 15600 00000 00000 111111 2 3 4 5 7 9 14 17 31200 00000 10100 01111 1 2 3 4 5 7 8 15 23 31200 00001 10100 010101 2 3 4 5 7 8 23 26 31200 00110 00000 11001 1 2 3 4 5 7 8 23 25 31200 00001 11100 100101 2 3 4 5 7 9 11 23 15600 10111 10000 11111 1 2 3 4 5 7 9 16 18 15600 00000 00000 000001 2 3 4 5 7 11 25 26 31200 00000 01010 11110 1 2 3 4 5 7 8 9 18 31200 00001 10010 101001 2 3 4 5 7 8 21 22 31200 10110 00100 10111 1 2 3 4 5 7 8 21 24 31200 11000 10000 110101 2 3 4 5 7 8 12 22 15600 01001 00001 00000 1 2 3 4 5 7 9 18 25 31200 11000 11100 000001 2 3 4 5 7 8 11 26 31200 00001 10101 00011 1 2 3 4 5 7 8 10 12 15600 00111 11111 111111 2 3 4 5 7 8 11 25 15600 10110 00001 11111 1 2 3 4 5 7 8 18 25 31200 01000 01000 111011 2 3 4 5 7 8 15 17 15600 00000 11000 11111 1 2 3 4 5 7 8 10 23 31200 00000 11001 101101 2 3 4 5 7 8 25 26 31200 01101 10010 01010 1 2 3 4 5 7 8 16 25 15600 10111 01000 000001 2 3 4 5 7 8 12 20 15600 00000 11111 11111 1 2 3 4 5 7 14 20 22 15600 00001 00000 000001 2 3 4 5 7 8 13 21 7800 00000 11111 00000 1 2 3 4 5 7 8 10 25 31200 00000 00000 111111 2 3 4 5 7 8 15 20 15600 11010 10100 11001 1 2 3 4 5 7 8 15 21 31200 01000 00100 110011 2 3 4 5 7 8 16 22 15600 11111 00000 00000 1 2 3 4 5 7 8 12 18 15600 11010 00101 110101 2 3 4 5 7 9 11 14 31200 10110 00000 00000 1 2 3 4 5 7 8 9 21 15600 10000 11001 000001 2 3 4 5 7 9 14 18 31200 10000 01000 10101 1 2 3 4 5 7 8 9 12 31200 00001 00001 000101 2 3 4 5 7 9 14 22 31200 11000 00000 00110 1 2 3 4 5 7 8 12 14 3900 11111 11111 000001 2 3 4 5 7 8 9 17 15600 10001 10000 11111 1 2 3 4 5 7 9 20 24 31200 00001 00000 111111 2 3 4 5 7 8 11 14 31200 00111 00010 00000 1 2 3 4 5 7 8 24 25 31200 00000 11101 010101 2 3 4 5 7 8 11 15 31200 11110 11011 00000 1 2 3 4 5 7 9 16 20 15600 00000 00000 000001 2 3 4 5 7 8 9 13 15600 00000 00000 11111 1 2 3 4 5 7 8 15 16 31200 10100 00110 000001 2 3 4 5 7 9 14 20 31200 00000 11101 11101 1 2 3 4 5 7 8 15 24 15600 00001 00000 111111 2 3 4 5 7 8 15 25 31200 00011 01101 00000 1 2 3 4 5 7 8 9 24 31200 10011 00000 011001 2 3 4 5 7 8 17 21 15600 00000 00000 00000 1 2 3 4 5 7 8 9 16 31200 01000 11101 000001 2 3 4 5 7 8 9 14 31200 00110 00100 00001 1 2 3 4 5 7 9 16 22 7800 00000 00000 111111 2 3 4 5 7 8 12 21 31200 01001 01101 00000 1 2 3 4 5 7 8 9 10 31200 00100 01000 001111 2 3 4 5 7 9 11 20 7800 00000 00000 11111 1 2 3 4 5 7 8 9 19 31200 00111 00011 100011 2 3 4 5 7 8 9 11 15600 11100 11101 00101 1 2 3 4 5 7 8 10 15 7800 11111 00000 000001 2 3 4 5 7 9 11 22 31200 00001 01010 10101 1 2 3 4 5 7 8 10 18 15600 11111 00000 111111 2 3 4 5 7 8 9 15 31200 10001 11010 00010 1 2 3 4 5 7 8 16 23 15600 01000 01111 111111 2 3 4 5 7 8 13 24 31200 00010 10001 01100 1 2 3 4 7 8 10 12 15 31200 11010 10010 010101 2 3 4 5 7 8 12 17 15600 10001 01000 00000 1 2 3 4 7 8 10 12 13 7800 00000 00000 000001 2 3 4 5 7 8 10 14 31200 00001 00010 01011 1 2 3 4 7 8 9 12 19 15600 11111 11111 000001 2 3 4 5 7 8 13 26 31200 00000 00110 11111 1 2 3 4 7 8 9 17 19 31200 10000 00001 111001 2 3 4 5 7 10 18 23 15600 10000 00110 11111 1 2 3 4 7 8 11 13 25 3900 00000 11111 111111 2 3 4 5 7 8 10 11 31200 00110 01111 10101 1 2 3 4 7 8 11 13 14 5200 00000 11111 000001 2 3 4 5 7 8 11 22 31200 01000 11011 11110 1 2 3 4 7 8 11 14 15 15600 00111 00000 111111 2 3 4 5 7 8 11 24 31200 00100 00010 10011 1 2 3 4 7 8 11 12 20 5200 00000 11111 000001 2 3 4 5 7 8 11 12 31200 00000 00010 00000 1 2 3 4 7 8 11 13 26 7800 11111 11111 111111 2 3 4 5 7 8 9 20 5200 00000 11111 00000 1 2 3 4 7 8 9 16 19 15600 00000 11111 111111 2 3 4 5 7 8 11 23 31200 11100 10001 10110 1 2 3 4 7 8 9 14 17 15600 00000 11111 000001 2 3 4 5 7 10 16 18 31200 00010 00000 10100 1 2 3 4 7 8 9 12 16 31200 01001 00000 000001 2 3 4 5 7 8 10 16 15600 00000 11000 11111 1 2 3 4 7 8 11 12 13 15600 00000 01001 000111 2 3 4 5 7 8 10 13 15600 01000 10111 00000 1 2 3 4 7 8 10 15 16 15600 11111 11111 000001 2 3 4 5 6 7 9 23 31200 11000 00010 01111 1 2 3 4 7 8 9 14 22 7800 00000 00000 111111 2 3 4 5 6 7 9 18 31200 11110 00100 01000 1 2 3 4 7 8 14 15 22 31200 10110 00000 111111 2 3 4 5 6 7 9 16 31200 00111 01010 10101 1 2 3 4 7 8 9 14 21 7800 00000 00000 000001 2 3 4 5 6 7 14 20 31200 00100 00100 01001 1 2 3 4 7 8 9 14 18 2600 00000 11111 000001 2 3 4 5 7 8 9 23 15600 00000 01110 11100 1 2 3 4 7 8 15 22 23 1950 00000 11111 11111



14 BETTEN, LAUE, WASSERMANN4.6 Designs with automorphism group PGL(2; 25)TABLE VI. 7-(26,8,6) Designsorbits on 8-subsets of V solutions orbits on 8-subsets of V solutionsrepresentative length � = 6 representative length � = 63 31 2 3 4 5 7 11 17 7800 00111001111111 1 2 3 4 7 11 14 26 15600 100110101010101 2 3 4 5 6 7 8 15600 10000000100010 1 2 3 4 7 8 12 26 7800 010010011110011 2 3 4 5 7 11 26 15600 00111111001100 1 2 3 4 7 8 11 14 2600 000000000000001 2 3 4 5 7 9 14 15600 01010101000001 1 2 3 4 7 8 21 22 7800 100001101101101 2 3 4 5 7 9 11 15600 00000000000011 1 2 3 4 7 8 10 12 7800 001011011000001 2 3 4 5 7 11 15 15600 01001000000000 1 2 3 4 7 8 10 13 1950 111111111111111 2 3 4 5 7 11 25 15600 10000010010100 1 2 3 4 7 8 12 20 7800 110110001001011 2 3 4 5 7 11 20 15600 10000100101000 1 2 3 4 7 8 14 17 15600 001000100000111 2 3 4 5 7 8 17 15600 01100010010000 1 2 3 4 7 8 17 26 15600 011011010000101 2 3 4 5 7 8 11 3900 00000000000000 1 2 3 4 7 8 9 16 7800 100001101100001 2 3 4 5 7 10 11 7800 11100100011010 1 2 3 4 7 8 15 20 7800 001101101111111 2 3 4 5 7 11 13 15600 11000000000000 1 2 3 4 7 8 14 23 15600 100101010010101 2 3 4 5 7 10 16 7800 00000101000010 1 2 3 4 7 8 13 20 15600 010010000111101 2 3 4 5 7 10 20 15600 00010110011100 1 2 3 4 7 8 14 19 15600 100111100000001 2 3 4 5 7 8 20 15600 10000100101101 1 2 3 4 7 8 10 17 7800 000100000010011 2 3 4 5 7 8 13 15600 00010001000011 1 2 3 4 7 8 19 20 15600 101000001011001 2 3 4 5 7 11 19 15600 10011110000001 1 2 3 4 7 14 16 17 15600 010010000101001 2 3 4 5 7 11 23 15600 00000000000000 1 2 3 4 7 8 11 13 15600 000010111010011 2 3 4 5 6 7 26 15600 00000000000000 1 2 3 4 7 8 13 17 3900 000000001000101 2 3 4 5 6 7 14 15600 01000000010001 1 2 3 4 7 8 13 26 15600 100001000000001 2 3 4 5 6 7 9 15600 01101010000101 1 2 3 4 7 8 13 21 7800 000000000000001 2 3 4 5 7 9 23 7800 00100000000110 1 2 3 4 7 8 21 26 7800 000011000000001 2 3 4 5 7 15 18 15600 01101101000000 1 2 3 4 7 8 12 23 7800 000000000000001 2 3 4 5 7 13 21 15600 00000010011100 1 2 3 4 8 11 12 13 15600 010100000110001 2 3 4 5 7 8 22 15600 00010010100000 1 2 3 4 7 8 15 17 15600 011010010001111 2 3 4 5 7 8 26 15600 10111011101000 1 2 3 4 8 13 17 19 3900 000000000000001 2 3 4 5 7 10 24 7800 01001001110000 1 2 3 4 8 13 21 22 15600 100000011000101 2 3 4 5 7 13 26 15600 00000000000000 1 2 3 4 7 8 10 16 15600 100101100010111 2 3 4 5 7 14 15 7800 00001010000001 1 2 3 4 7 8 10 18 15600 011001010101011 2 3 4 5 7 14 23 7800 00000000000000 1 2 3 4 7 8 9 17 15600 101000001001001 2 3 4 5 7 14 20 15600 01010000011100 1 2 3 4 7 8 15 19 15600 010000100100011 2 3 4 5 7 13 22 15600 10010001100000 1 2 3 4 7 8 10 26 2600 000000000000001 2 3 4 5 7 8 12 15600 10000100000000 1 2 3 4 7 8 11 15 15600 000000001111001 2 3 4 5 7 10 14 15600 00000111010110 1 2 3 4 7 8 15 16 7800 010001010111101 2 3 4 5 7 10 19 15600 01110111010100 1 2 3 4 7 8 12 16 15600 001100111111001 2 3 4 5 7 9 18 15600 01001000000000 1 2 3 4 7 8 14 15 15600 001100000000001 2 3 4 5 7 9 20 15600 00000000000011 1 2 3 4 7 8 14 24 7800 100010101011011 2 3 4 5 7 9 16 15600 01000000100011 1 2 3 4 7 8 14 18 15600 010000011010001 2 3 4 5 7 8 9 3900 00000000010001 1 2 3 4 7 8 9 14 15600 000100010000011 2 3 4 5 7 8 24 15600 10101010000010 1 2 3 4 7 8 14 22 7800 010001001001101 2 3 4 5 7 9 13 15600 00010101101000 1 2 3 4 7 8 14 21 15600 100000101000101 2 3 4 5 7 15 20 7800 10001110111110 1 2 3 4 7 8 15 22 7800 111111111111111 2 3 4 5 7 10 22 15600 10000000010011 1 2 3 4 7 8 22 23 15600 001111000011001 2 3 4 5 7 8 15 7800 00001111000011 1 2 3 4 7 9 21 25 15600 010110100000111 2 3 4 5 7 10 15 15600 00101010010100 1 2 3 4 7 8 15 23 7800 100010000110011 2 3 4 5 7 8 19 15600 00100000000101 1 2 3 4 7 14 15 17 7800 000000000000001 2 3 4 5 7 8 21 7800 00000000000000 1 2 3 4 7 8 10 19 15600 000000000100001 2 3 4 5 7 16 25 15600 00010000001010 1 2 3 4 7 8 9 12 15600 001000100000101 2 3 4 5 7 8 25 15600 00100001010000 1 2 3 4 7 8 18 20 7800 000000000000001 2 3 4 5 7 10 25 7800 11110000111100 1 2 3 4 7 8 23 24 3900 110011001100001 2 3 4 5 7 13 19 7800 01001101111101 1 2 3 4 7 8 15 21 15600 010001010000101 2 3 4 5 7 16 20 7800 01011110110001 1 2 3 4 7 8 10 15 7800 011001000101001 2 3 4 5 7 13 20 15600 01101000000010 1 2 3 4 7 9 11 14 3900 111111110111011 2 3 4 5 7 10 18 15600 00000001101100 1 2 3 4 7 8 9 20 7800 100110001010001 2 3 4 5 7 8 23 15600 01000001011000 1 2 3 4 7 9 11 25 15600 100010100000011 2 3 4 5 7 8 16 15600 10010100000001 1 2 3 4 7 14 17 21 7800 000111100100001 2 3 4 5 7 13 18 15600 00101001101100 1 2 3 4 7 8 10 20 7800 110000010000101 2 3 4 5 7 10 23 15600 00110000000000 1 2 3 4 7 8 21 23 15600 001100000000001 2 3 4 5 7 8 10 15600 10000010100100 1 2 3 4 7 8 9 18 7800 000111101101101 2 3 4 5 7 8 18 7800 10101101110010 1 2 3 4 7 9 18 22 7800 000000000000001 2 3 4 5 7 10 13 15600 00000000100000 1 2 3 4 7 8 20 21 7800 001011011110011 2 3 4 7 8 17 24 15600 01000001010001 1 2 3 4 7 8 22 26 975 000000000000001 2 3 4 7 11 20 26 7800 11000010000001 1 2 3 4 7 8 11 12 1300 000000000000001 2 3 4 7 8 13 14 15600 00110000001111 1 2 3 4 7 8 23 25 3900 111111111011101 2 3 4 7 8 11 20 15600 10100101000011 1 2 3 4 7 10 11 17 650 000000000000001 2 3 4 7 8 12 24 3900 11001100110000These 14 solutions fall into 7 isomorphism classes, since the normalizer P�L(2; 25)of PGL(2; 25) has orbits of length 2 on the set of these solutions. In fact, � rep-resents the non-trivial coset of PGL(2; 25) in P�L(2; 25) and maps solution 2� ionto solution 2� i+1 for i = 0; 1; : : : ; 7 in the order the solutions are listed above.The 7-(27; 9; 60) designs are not constructed directly by solving the system ofequations given by a Kramer-Mesner matrix. Instead we apply an idea of Tran



SIMPLE 7-DESIGNS WITH SMALL PARAMETERS 15van Trung [26], to obtain from a t-(v; k; �) design and a t-(v; k + 1; �( v�t+1k�t+1 � 1))design a t-(v + 1; k + 1; � v�t+1k�t+1 ) design. Tran van Trung adds an additional pointto the base set V and also to each block of the t-(v; k; �) design and then adds allblocks of the t-(v; k + 1; �( v�t+1k�t+1 � 1)) design. By this method we obtain from our7-(26; 8; 6) and 7-(26; 9; 54) designs 7-(27; 9; 60) designs. Also, from our 7-(24; 8; 5)and 7-(24; 9; 40) designs we get 7-(25; 9; 45) designs, from 7-(24; 8; 6) and 7-(24; 9; 48)designs we get 7-(25; 9; 54) designs, and from 7-(24; 8; 8) and 7-(24; 9; 64) designswe get 7-(25; 9; 72) designs. Remarkably, there was no counterpart 7-(24; 9; 56) for7-(24; 8; 7) to apply Tran van Trung's construction.ACKNOWLEDGMENTSThe authors thank B. D. McKay for helpful discussions and for providing his back-track solver for DISCRETA. The �rst author thanks the DFG for support underKe 201/17-1.REFERENCES[1] M. R. C. M. Berkelaar, \lp-solve, a public domain MILP solver, freely available fromftp://ftp.es.ele.tue.nl/pub/lp solve/."[2] T. Beth, D. Jungnickel, H. Lenz, Design Theory, BI Wissenschaftsverlag, Mannheim(1985), p. 258.[3] A. Betten, A. Kerber, A. Kohnert, R. Laue, A. Wassermann, \The discovery ofsimple 7-designs with automorphism group P�L(2; 32)," AAECC Proceedings 1995in Springer LNCS 948 (1995), 131{145.[4] Yeow Meng Chee, C. J. Colbourn, D. L. Kreher, \Simple t-designs with v � 30," ArsComb. 29 (1990), 193{258.[5] C. J. Colbourn, J. H. Dinitz, The CRC Handbook of Combinatorial Designs, CRCPress, Boca Raton (1996).[6] M. J. Grannell, T. S. Griggs, \A Steiner system S(5; 6; 108)," Discrete Math. 125(1995), 183{186.[7] M. J. Grannell, T. S. Griggs, \Some applications of computers in design theory,"Computers in math. research Inst. Math. Appl. Conf. Ser. Ser 14 Oxford Univ.Press (1988), 135{148.[8] M. J. Grannell, T. S. Griggs, R. A. Mathon, \On Steiner systems S(5; 6; 48)," J.Comb. Math. Comb. Comput. 12 (1992), 77{96.[9] M. J. Grannell, T. S. Griggs, R. A. Mathon, \Some Steiner 5-designs with 108 and132 points," J. Combinatorial Designs 1 No. 3, (1993), 213{238.[10] B. Huppert, Endliche Gruppen I, Grundlehren der math. Wiss. 134 Springer-VerlagBerlin Heidelberg New York (1967).[11] M. Kaib, H. Ritter, \Block reduction for arbitrary norms," Manuscript Frankfurt(1995).[12] E. S. Kramer, S. S. Magliveras, \Some mutually disjoint Steiner systems," J. Comb.Theory (A) 17 (1974), 39{43.
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