
A New Smallest Simple 6-Design WithAutomorphism Group A4Reinhard Laue, Anton Betten, Evi Haberbergersupported by the Deuts
he Fors
hungsgemeins
haft,Ke 201/17-2.Universit�at Bayreuth, GermanyAbstra
tA new simple 6-(14,7,4) design is presented with automorphism groupisomorphi
 to A4. Combining the derived and the residual designsof the 6-(14,7,4) designs, whi
h were known by now, in the extensionmethod of van Leijenhorst and Tran van Trung results in a large num-ber of simple 5-(14,7,18) designs with trivial automorphism group.This parameter set results from interpreting a 6-(14,7,4) design as a5-design.keywords: t-design, isomorphism problem, double 
oset.1 Introdu
tionFor almost two de
ades, only two isomorphism types of 6-(14; 7; 4) designshave been known, both with automorphism group C13 a
ting with an addi-tional �xed point. They were found by Kreher and Radziszowski [4℄ usinga latti
e basis redu
tion in Kramer and Mesner's approa
h [3℄ of 
ombiningorbits of a pres
ribed automorphism group. This parameter set deservesspe
ial interest as it is the smallest admissible parameter set of a 6-design.Ea
h su
h design 
onsists of half of all possible 6-sets on 14 points. Thus,
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together with its 
omplement it forms a large set and is a starting pointfor various re
ursive 
onstru
tions of in�nite series of t-designs. Re
ently,Eslami and Khosrovshahi [2℄ 
onstru
ted 4 further 6-(14; 7; 4) designs usingtrades and determined the possible derived designs of the desired smallest6-designs. These new 6-designs only admit C3 as full automorphism group.In this note, we present a simple 6-(14; 7; 4) design with automorphismgroup G isomorphi
 to A4. In order to obtain a permutation representationof A4 on a set of 14 points, we 
onsider the a
tion of A4 on the set of verti
esof a solid that is derived from the tetrahedron. The solid is 
onstru
tedin two extension steps. In the �rst step the dual tetrahedron is ins
ribedby taking the 
enters of the fa
es as new verti
es. In the se
ond step, ano
tahedron is ins
ribed by taking the midpoints of the edges of the �rsttetrahedron, see Fig. 1 below. No automorphism is admitted that wouldinter
hange the two tetrahedra, sin
e the two have di�erent sizes.Theorem 1 There exists exa
tly one isomorphism type of simple 6-(14,7,4)designs with full automorphism group G.Proof Pres
ribing this permutation group our software pa
kage DISC-RETA yields 8 solutions to the Kramer-Mesner system of diophantine equa-tions. The 8 designs are isomorphi
, sin
e they are already in only one orbitunder the a
tion of the normalizer of G in S14 whi
h has order 96. We willalso dedu
e that G is the full automorphism group of ea
h of these 8 de-signs. So, we �x one of these designs D. From the dis
ussion in [2℄ it is
lear that non-trivial automorphisms of D have order 3 or some power of2. If a group of automorphisms of order 9 would exist then this groupwould have two orbits of length 1. The design derived at the two �xedpoints then also would admit this group. From [2℄ we know that ea
h non-identity automorphism of a simple 4-(12; 5; 4) design has no �xed points.But then ea
h orbit would have length 9 whi
h is impossible on 12 points.So the index of G in the full automorphism group is some power of 2 andby Burnside's Theorem on p�q�-groups Aut(D) is soluble. Suppose G isnot the full automorphism group. From G = NS14(G) \ Aut(D) we obtain2
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Figure 1:that NAut(D)(G) = G. So, if G is a maximal subgroup of a subgroup Hof Aut(D) then the index of G in H must be at least 4. Then we 
on-sider a subgroup Q of order 3 of G. This subgroup is not normal in Gand also not in H . Therefore the Fitting subgroup of F (H) is a 2-groupnot 
ontaining G. Thus, H = F (H)G and F (H) \ G = F (G) = V4. Thefa
tor F (H)=F (G) is a 
hief fa
tor of H on whi
h Q a
ts irredu
ibly andtherefore is elementary abelian of order 4. So we know some stru
ture ofH . The subgroup Q is a Sylow-3 subgroup whi
h is a 
omplement of F (H)in H . If Q < NH(Q) then NH(Q) has order 12 and Q a
ts trivially onNH(Q) \ F (H). Neither F (G) nor F (H)=F (G) allow any non-trivial �xed
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points of Q under 
onjugation. Therefore Q = NH(Q).Consider a point x �xed by Q. The stabilizer S of x in H 
annot beQ, as otherwise the orbit of x would have length 16. So Q < S < H andS \ F (H) is normalized by Q. Like in the 
ase of the normalizer Q a
tsnon-trivially on S\F (H). The order of S\F (H) thus has to be at least 4.If S \ F (H) is not normal in F (H) then S \ F (H) < NF (H)(S \ F (H)) <F (H) and Q leaves NF (H)(S \ F (H)) invariant. Then Q a
ts triviallyon F (H)=NF (H)(S \ F (H)) and on NF (H)(S \ F (H))=S \ F (H) be
auseboth are of order 2. Thus, S \ F (H) is normal in F (H) and Q a
ts non-trivially on F (H)=S \ F (H). A 
he
k with DISCRETA shows that thegroup of order 48 
onstru
ted as a subdire
t produ
t of two 
opies of A4with amalgamated fa
tor group of order 3 a
ting with two orbits of length4 and one orbit of length 6 is not a group of automorphisms of a 6-(14,7,4)design. The other potential group of order 16 admitting an automorphismgroup of order 3 a
ting in the des
ribed way is an extension of C4 �C4 byC3. This group has no faithful a
tion on 14 points. This proves our 
laim.� We point out that the non-abelian group A4 has 3 orbits, two of length 4and one of length 6, on the set of verti
es in this a
tion but no �xed points.This 
an be dedu
ed from our presentation as the automorphism group ofnested solids. The verti
es of the tetrahedra form the two orbits of length4 and the verti
es of the o
tahedron form the orbit of length 6. Thus, thereresult 3 isomorphism types of derived designs with parameters 5-(13; 6; 4),two with automorphism group of order 3 and one with automorphism groupof order 2. Noti
e that ea
h automorphism of a 5-(13; 6; 4) design extends toan automorphism of the 6-(14,7,4) design obtained by Alltop's 
onstru
tion.The approa
h presented in [5℄ implies that a large number of isomor-phism types of 5-(14; 7; 18) designs exist, most of them with trivial auto-morphism group: We 
ombine the di�erent isomorphism types of 5-(13; 6; 4)designs with the di�erent isomorphism types of 5-(13; 7; 14) designs whi
happear as derived and residual designs of the by now known simple 6-(14; 7; 4) designs using the 
onstru
tion of van Leijenhorst [7℄ and Tran van4



Trung [6℄. We use the following notation. If D is a t-(v; k; �) design withpoint set f1; : : : ; vg then D�fv+1g denotes the set of blo
ks of D extendedby an additional point v + 1. Any permutation � on the point set maps Donto an isomorphi
 design D� = fB�jB 2 Dg where B� denotes the imageof B under �. We have the following result [5℄:Theorem 2 Let D1 be a (t� 1)-(v� 1; k� 1; �) design with automorphismgroup A1 and D2 be a (t � 1)-(v � 1; k; �(v � k)=(k � t + 1)) design withautomorphism group A2, where the point set in ea
h 
ase is V 0 = f1; � � � ; v�1g. Then D1 �fvg[D�2 is a (t�1)-(v; k; �(v� t+1)=(k� t+1)) design forea
h permutation � on V 0 = f1; : : : ; v � 1g. There exists an isomorphism� : D(�1) 7! D(�2)for permutations �1; �2 on V 0 su
h that � �xes v if and only ifA1�1A2 = A1�2A2:Taking as D1 the derived design of a 6-(14,7,4) design and as D2 theresidual design of a 6-(14,7,4) design then by the Theorem there resultmany di�erent isomorphism types of 5-(14; 7; 18) designs.We 
onsider a spe
ial 
ase that is easy to analyse. Suppose D1 withparameters 5-(13; 6; 4) and D2 with parameters 5-(13; 7; 14) are derived andresidual designs, resp., of non-isomorphi
 6-(14,7,4) designs. Then Alltop's
onstru
tion in ea
h 
ase re
onstru
ts the original 6-(14,7,4) designs. So,if the re
onstru
ted designs are non-isomorphi
 then the designs resultingfrom van Leijenhorst's and Tran van Trung's 
onstru
tion are 5-(14; 7; 18)designs but no 6-(14,7,4) designs.This situation appears very often. If we start with a 5-(13; 6; 4) designand apply Alltop's 
onstru
tion we obtain a 6-(14; 7; 4) design. Ea
h auto-morphism of the 5-(13; 6; 4) design then also extends to an automorphism ofthe 6-(14; 7; 4) design �xing the additional point. Thus, ea
h automorphismalso is an automorphism of the residual design. The same holds true, vi
eversa, if we start with the residual design and transfer the automorphisms5



to the derived design. Therefore, if in a 5-(14; 7; 18) design the deriveddesign and the residual design with respe
t to some point are 5-designswith di�erent automorphism groups, the 5-(14; 7; 18) design 
annot be a6-(14; 7; 4) design.We obtain the following 
ases of 5-(13; 6; 4) designs:1. The 
onstru
tion by Kreher and Radziszowski yields 2 isomorphismtypes with automorphism group C13, and 2 isomorphism types withtrivial automorphism group.2. The 
onstru
tion by Eslami and Khosrovshahi yields 1 isomorphismtype with automorphism group C3 � Id4+ and 8 isomorphism typeswith trivial automorphism group, see [2℄.3. The new 
onstru
tion of this paper yields 2 isomorphism type withautomorphism group C3 � Id4+ and 1 isomorphism type with auto-morphism group C2 � Id6+.These designs from the di�erent origins are not isomorphi
 be
ause theirAlltop extensions have di�erent automorphism groups. By [5℄, Theorem 23,the new point 14 is unique in all these designs and the isomorphism typesare in bije
tion to the double 
osets AnS13=C13. The resulting designs allhave trivial automorphism group be
ause no non-trivial subgroup of C13 is
onjugate to a subgroup of A. Ea
h double 
oset in AnS13=C13 
onsists ofjust 13 right 
osets of A in S13. This yields the following result:Corollary 1 Let D1 be a 5-(13; 6; 4) design with automorphism group Adi�erent from C13 and D2 a 5-(13; 7; 14) design with automorphism groupC13. Then there exist 12!=jAj di�erent isomorphism types of 5-(14,7,18)designs of the form D1 � f14g [ D�2 where � 2 S13. Ea
h of these designshas a trivial automorphism group.For Aut(D1) �= C2 we thus obtain 238,500,800 isomorphism types andfor Aut(D1) �= C3 we thus obtain 159,667,200 isomorphism types of 5-(14,7,18) designs with trivial automorphism group.6



We present the new 6-(14,7,4) design by a list of 
anoni
al representa-tives from the orbits of G on the set of blo
ks.
2 The 6-(14; 7; 4) designThe automorphism group isG = h(1 2 3)(5 6 7)(9 10 11)(12 13 14);(1 2 4)(5 6 8)(9 13 12)(10 14 11)iof order 12.There are 1716 blo
ks, ea
h point lies in half of the blo
ks.The design D 
onsists of 152 orbits of G on 7-sets. We list allorbit representatives of blo
ks, with orbit length and stabilizerorder appended.f1; 2; 10; 11; 12; 13; 14g6;2f1; 2; 3; 4; 5; 6; 11g12;1f1; 2; 3; 4; 5; 6; 14g6;2f1; 2; 3; 4; 5; 6; 9g6;2f1; 2; 3; 4; 5; 9; 10g12;1f1; 2; 3; 4; 5; 9; 13g12;1f1; 2; 3; 4; 9; 10; 12g6;2f1; 2; 3; 4; 9; 10; 14g6;2f1; 2; 3; 5; 10; 11; 12g12;1f1; 2; 3; 5; 10; 12; 13g12;1

f1; 2; 3; 5; 10; 13; 14g12;1f1; 2; 3; 5; 11; 12; 14g12;1f1; 2; 3; 5; 11; 13; 14g12;1f1; 2; 3; 5; 12; 13; 14g12;1f1; 2; 3; 5; 6; 10; 11g12;1f1; 2; 3; 5; 6; 10; 12g12;1f1; 2; 3; 5; 6; 10; 13g12;1f1; 2; 3; 5; 6; 10; 14g12;1f1; 2; 3; 5; 6; 11; 12g12;1f1; 2; 3; 5; 6; 7; 12g12;1
f1; 2; 3; 5; 6; 7; 8g4;3f1; 2; 3; 5; 6; 8; 11g12;1f1; 2; 3; 5; 6; 8; 13g12;1f1; 2; 3; 5; 6; 8; 9g12;1f1; 2; 3; 5; 6; 9; 12g12;1f1; 2; 3; 5; 6; 9; 14g12;1f1; 2; 3; 5; 8; 10; 13g12;1f1; 2; 3; 5; 8; 10; 14g12;1f1; 2; 3; 5; 8; 11; 13g12;1f1; 2; 3; 5; 8; 12; 13g12;1
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f1; 2; 3; 5; 8; 12; 14g12;1f1; 2; 3; 5; 8; 9; 11g12;1f1; 2; 3; 5; 8; 9; 14g12;1f1; 2; 3; 5; 9; 10; 11g12;1f1; 2; 3; 5; 9; 10; 12g12;1f1; 2; 3; 5; 9; 11; 12g12;1f1; 2; 3; 5; 9; 11; 13g12;1f1; 2; 3; 5; 9; 13; 14g12;1f1; 2; 3; 8; 12; 13; 14g4;3f1; 2; 3; 8; 9; 10; 11g4;3f1; 2; 3; 8; 9; 10; 12g12;1f1; 2; 3; 8; 9; 10; 13g12;1f1; 2; 3; 8; 9; 13; 14g12;1f1; 2; 3; 9; 10; 12; 13g12;1f1; 2; 3; 9; 10; 13; 14g12;1f1; 2; 5; 10; 11; 12; 13g12;1f1; 2; 5; 10; 11; 12; 14g12;1f1; 2; 5; 6; 10; 11; 13g12;1f1; 2; 5; 6; 10; 11; 14g12;1f1; 2; 5; 6; 11; 13; 14g6;2f1; 2; 5; 6; 7; 10; 11g12;1f1; 2; 5; 6; 7; 10; 12g12;1f1; 2; 5; 6; 7; 10; 14g12;1f1; 2; 5; 6; 7; 12; 14g12;1f1; 2; 5; 6; 7; 13; 14g12;1f1; 2; 5; 6; 7; 8; 11g12;1f1; 2; 5; 6; 7; 9; 10g12;1f1; 2; 5; 6; 7; 9; 11g12;1f1; 2; 5; 6; 7; 9; 12g12;1f1; 2; 5; 6; 9; 10; 13g12;1f1; 2; 5; 6; 9; 11; 13g6;2f1; 2; 5; 6; 9; 11; 14g12;1

f1; 2; 5; 7; 10; 11; 13g12;1f1; 2; 5; 7; 10; 12; 13g12;1f1; 2; 5; 7; 10; 12; 14g12;1f1; 2; 5; 7; 11; 12; 13g12;1f1; 2; 5; 7; 11; 12; 14g12;1f1; 2; 5; 7; 12; 13; 14g12;1f1; 2; 5; 7; 8; 10; 11g12;1f1; 2; 5; 7; 8; 10; 14g12;1f1; 2; 5; 7; 8; 11; 12g12;1f1; 2; 5; 7; 8; 12; 13g12;1f1; 2; 5; 7; 8; 13; 14g12;1f1; 2; 5; 7; 8; 9; 10g12;1f1; 2; 5; 7; 8; 9; 13g12;1f1; 2; 5; 7; 8; 9; 14g12;1f1; 2; 5; 7; 9; 10; 13g12;1f1; 2; 5; 7; 9; 11; 12g12;1f1; 2; 5; 7; 9; 11; 13g12;1f1; 2; 5; 7; 9; 11; 14g12;1f1; 2; 5; 8; 10; 11; 12g12;1f1; 2; 5; 8; 10; 11; 13g12;1f1; 2; 5; 8; 10; 13; 14g12;1f1; 2; 5; 8; 11; 12; 14g12;1f1; 2; 5; 8; 11; 13; 14g12;1f1; 2; 5; 8; 9; 10; 11g12;1f1; 2; 5; 8; 9; 10; 12g12;1f1; 2; 5; 8; 9; 11; 14g12;1f1; 2; 5; 8; 9; 12; 13g12;1f1; 2; 5; 8; 9; 12; 14g12;1f1; 2; 5; 9; 10; 11; 14g12;1f1; 2; 5; 9; 10; 12; 13g12;1f1; 2; 5; 9; 10; 12; 14g12;1f1; 2; 5; 9; 10; 13; 14g12;1

f1; 2; 5; 9; 12; 13; 14g12;1f1; 2; 7; 10; 11; 12; 14g12;1f1; 2; 7; 10; 11; 13; 14g12;1f1; 2; 7; 8; 10; 11; 12g12;1f1; 2; 7; 8; 10; 13; 14g12;1f1; 2; 7; 8; 11; 13; 14g6;2f1; 2; 7; 8; 9; 10; 13g12;1f1; 2; 7; 8; 9; 10; 14g12;1f1; 2; 7; 8; 9; 11; 13g6;2f1; 2; 7; 9; 10; 11; 12g12;1f1; 2; 7; 9; 10; 11; 13g12;1f1; 2; 7; 9; 10; 12; 14g12;1f1; 2; 7; 9; 11; 13; 14g12;1f1; 2; 7; 9; 12; 13; 14g12;1f1; 2; 9; 10; 11; 12; 13g6;2f1; 2; 9; 10; 11; 13; 14g12;1f1; 5; 6; 10; 11; 12; 14g12;1f1; 5; 6; 10; 11; 13; 14g12;1f1; 5; 6; 10; 12; 13; 14g12;1f1; 5; 6; 7; 10; 11; 12g12;1f1; 5; 6; 7; 10; 11; 13g12;1f1; 5; 6; 7; 11; 12; 13g12;1f1; 5; 6; 7; 11; 12; 14g12;1f1; 5; 6; 7; 11; 13; 14g12;1f1; 5; 6; 7; 8; 10; 13g12;1f1; 5; 6; 7; 8; 9; 11g12;1f1; 5; 6; 7; 8; 9; 14g12;1f1; 5; 6; 7; 9; 10; 13g12;1f1; 5; 6; 7; 9; 10; 14g12;1f1; 5; 6; 7; 9; 12; 13g12;1f1; 5; 6; 7; 9; 12; 14g12;1f1; 5; 6; 9; 10; 11; 12g12;1
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f1; 5; 6; 9; 10; 12; 13g12;1f1; 5; 6; 9; 10; 12; 14g12;1f1; 5; 6; 9; 10; 13; 14g12;1f1; 5; 6; 9; 11; 12; 13g12;1f1; 5; 9; 10; 11; 12; 13g12;1f1; 6; 10; 11; 12; 13; 14g12;1f1; 6; 7; 10; 11; 12; 14g12;1f1; 6; 7; 10; 12; 13; 14g12;1f1; 6; 7; 8; 9; 10; 12g12;1
f1; 6; 7; 8; 9; 10; 13g12;1f1; 6; 7; 8; 9; 13; 14g12;1f1; 6; 7; 9; 10; 11; 13g12;1f1; 6; 7; 9; 10; 11; 14g12;1f1; 6; 7; 9; 10; 12; 13g12;1f1; 6; 7; 9; 11; 12; 13g12;1f1; 6; 7; 9; 11; 12; 14g12;1f1; 6; 7; 9; 11; 13; 14g12;1f1; 6; 9; 10; 11; 13; 14g12;1

f1; 6; 9; 11; 12; 13; 14g12;1f5; 6; 7; 8; 9; 10; 11g4;3f5; 6; 7; 8; 9; 10; 13g4;3f5; 6; 7; 9; 10; 11; 12g12;1f5; 6; 7; 9; 10; 12; 14g12;1f5; 6; 7; 9; 12; 13; 14g12;1f5; 6; 9; 10; 11; 13; 14g12;1f5; 9; 10; 11; 12; 13; 14g4;3Referen
es[1℄ W. O. Alltop, Extending t- designs, J. Combin. Theory Ser. A 12(1975), 177-186.[2℄ Z. Eslami, G. B. Khosrovshahi. Some new 6-(14,7,4) designs, to appearin J. Combin. Theory Ser. A.[3℄ E. S. Kramer and D. M. Mesner, t-designs on hypergraphs, Dis
reteMath. 15 (1976), 263-296.[4℄ D. L. Kreher, S. P. Radziszowski. The existen
e of simple 6-(14,7,4)designs, J. Combin. Theory Ser. A 43 (1986), 237-243.[5℄ R. Laue. Constru
tion of 
ombinatorial obje
ts up to isomorphism,simple 9-designs with small parameters. to appear in Pro
eedings ofALCOMA99, Springer 2001.[6℄ Tran van Trung: On the 
onstru
tion of t-designs and the existen
eof some new in�nite series of simple 5-designs. Ar
h. Math. 47 (1986),187-192.[7℄ D. C. van Leijenhorst: Orbits on the proje
tive line. J. Comb.Theory A 31 (1981), 146{154.
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