
Genealogy of t-designsAnton Betten�Abstra
tRe
ent years saw a dramati
 in
rease in existen
e results for t-designs with large t; i.e. t � 5:Designs are now known to exist for several thousand parameter sets, mostly 
onstru
ted by themethod of orbiting under a group. This note is a 
ontribution to the 
lassi�
ation of thesedesigns by parameters. We take an abstra
t look at admissible parameter sets in general. Weintrodu
e a partial order, re
e
ting relationships between designs, and we analyze the stru
tureof the resulting posets. The parameter sets of known designs fall in no more than 100 
ategories,whi
h we 
all an
estor 
lans.Keywords: t-design, parameter set, an
estor, family, 
lan.1 Introdu
tionLet t; v; k and � be natural numbers. A t-(v; k; �) design is a pair D = (V;B) where V is a set of velements 
alled points and B = fB1; : : : ; Bbg is a set of k-subsets of V { 
alled blo
ks { su
h thatevery t-element subset of V is 
ontained in exa
tly � blo
ks. The quadruple of integers t-(v; k; �)is 
alled the parameter set of the design. The integer t is the point regularity, v is the size of theunderlying point set, k is the blo
k size and � is the index. The number of blo
ks, b; is determinedby t; v; k and � as b = ��vt�=�kt�: A design with � = 1 is 
alled Steiner System. Certain designs areso obvious that one 
onsiders them as trivial. One of these is the 
omplete design whi
h 
onsists ofall k-subsets. It is a t-design for all t � k: The parameters as a k-design are k-(v; k; 1); with b = �vk�:Let us re
all some more parameters of t-designs. For nonnegative integers i and j with i + j � t;and for I and J �xed disjoint subsets of points of size i and j; respe
tively, the number of blo
ks
ontaining I and disjoint from J is a 
onstant, denoted as �i;j: Ray-Chaudhuri and Wilson [6℄proved that �i;j = ��v�i�jk�i ��v�tk�t� for i+ j � t: (1)�Department of Mathemati
s, Colorado State University, Fort Collins, Co 80523, U.S.A.1



We 
onsider the following relationships between designs: Let D = (V;B) be a t-(v; k; �) designwith 1 � t � k < v. Then D yields further designs:(i) The design D also is a (t � 1)-(v; k; �red) design where �red = v�t+1k�t+1 : We 
all it the designwith respe
t to smaller t; or simply the redu
ed design redD:(ii) If x is a point of V; the derived design (with respe
t to the point x) is derxD = (Vnfxg;Bx)where Bx = fBnfxg j B 2 B; x 2 Bg. Ea
h derived design has parameters (t� 1)-(v � 1; k�1; �) (regardless of the 
hoi
e of the point x 2 V). Put �der = �:(iii) If x is a point of V; the residual design (with respe
t to the point x) is resx D = (Vnfxg;Bx)where Bx = fB j B 2 B; x 62 Bg: Ea
h residual design has parameters (t� 1)-(v � 1; k; �res)where �res = � v�kk�t+1 (regardless of the 
hoi
e of the point x 2 V). For the purpose of formingthe residual design, the assumption k < v is required. Note that�red = �der + �res = �+ �res: (2)Sin
e the parameter sets whi
h we obtain are independent of the 
hoi
e of x; we de�ne the opera-tors red;der and res in a more abstra
t way, namely as maps between parameter quadruples: Fort-(v; k; �); we let red t-(v; k; �); der t-(v; k; �) and res t-(v; k; �) be the parameter set of the redu
ed,the derived and the residual design, respe
tively (provides these designs exist). Note that for pa-rameters of designs, the operations derivation and forming the residual 
ommute, sin
e it makes nodi�eren
e in whi
h order we delete the points. Also, the redu
e operator 
ommutes with these, sin
e
onsidering a design as a lower t-design does not 
hange the design itself. Hen
e for nonnegativeintegers h; i and j with h+ i+ j � t and j � v � k, we 
an speak of the design parameter setredh deri resj t-(v; k; �);whi
h is obtained from t-(v; k; �) by redu
ing h times, deriving i times and forming the residual jtimes. For the rest of this arti
le, we are going to exploit the stru
ture whi
h is indu
ed by thethree operations red; der and res on the set of design parameter sets.2 The poset of admissible design parameter setsNot every quadruple of nonnegative integers t-(v; k; �) is a valid parameter set of a design. Certainne
essary 
onditions on the parameters are so fundamental, that parameter sets whi
h satisfy these2



have a spe
ial name. Before we give the de�nition, let us introdu
e�max(t; v; k) := �v � tk � t�; (3)whi
h is the largest index �, whi
h a t-(v; k; �) design may have (exa
tly the 
omplete designsattain this bound).De�nition 2.1 Let t; v; k and � be natural numbers. The parameter set t-(v; k; �) is 
alledadmissible if (ADM1), (ADM2) and (ADM3-s) hold for 0 � s � t where(ADM1) t � k � v;(ADM2) 1 � � � �max(t; v; k) = �v�tk�t�;(ADM3-s) ��v�st�s��k�st�s� = � (v � s)(v � s� 1) � � � (v � t+ 1)(k � s)(k � s� 1) � � � (k � t+ 1) = �s;0 = �redt�s is integral.The last 
ondition 
omes from the fa
t that in every t-design, and for any nonnegative integer s � t;the number �s;0 of (1) is integral. This is also the index of the (t� s)-fold redu
ed design, �redt�s .A parameter set whi
h is the parameter set of an existing design is 
alled realizable. Clearlyevery t-design has admissible parameters but not every admissible parameter set is realizable. Forexample, K�ohler in [5℄ shows that the admissible parameter set 13-(32; 16; 3) is not realizable (otherexamples would in
lude the parameter sets of proje
tive planes of order 6 and 10 whi
h are knownnot to exist).For t � k; the parameters of the 
omplete design as a t design are t-(v; k; �max(t; v; k)): Hen
efor �xed t; v and k with t � k � v there always is at least one admissible parameter set. Thequotient �=�max(t; v; k)  = b=�vk�!;whi
h is a rational number between zero and one, des
ribes how 
omplete a t-(v; k; �) design is.Lemma 2.2 Let D be one of the operators red; der; res; whi
h is appli
able to the admissibleparameter set t-(v; k; �): Let D�t-(v; k; �)� = t0-(v0; k0; �0): Then��max(t; v; k) = �0�max(t0; v0; k0) :In parti
ular, D�t-(v; k; �)� is 
omplete if and only if t-(v; k; �) is 
omplete.Lemma 2.3 If t-(v; k; �) is admissible with t � 1; then red t-(v; k; �) and der t-(v; k; �) are admis-sible, too. In addition, if k < v; then res t-(v; k; �) is admissible as well.3



Proof: Let D be one of red; der and res; and put D�t-(v; k; �)� = t0-(v0; k0; �0): By Lemma 2.2,1 � � � �max(t; v; k) implies 1 � �0 � �max(t0; v0; k0); whi
h is (ADM2).(i) The parameters of red t-(v; k; �) = (t � 1)-�v; k; � v�(t�1)k�(t�1)� are integral by �ADM3-(t � 1)�:Moreover, by indu
tion the parameters of iterated redu
ed designs are integral as well:redired t-(v; k; �) = redi+1 t-(v; k; �) is admissible for i � t� 1: Finally, t� 1 � k � v:(ii) der t-(v; k; �) = (t�1)-(v�1; k�1; �): For 0 � i � t�1; redi der t-(v; k; �) = der redi t-(v; k; �)is integral. (ADM1) is valid sin
e t� 1 � k � 1 � v � 1:(iii) If k < v; the operator res is de�ned. We prove that res t-(v; k; �) = (t�1)-�v�1; k; � v�kk�(t�1)�is admissible. Using (2) we get �res = � v�kk�(t�1) = �red � � is integral. In addition, t � 1 �k � v � 1: Sin
e (�res)der = (�der)res is integral by (ii), (ADM3) follows by indu
tion. 2We dedu
e:Corollary 2.4 Let t-(v; k; �) be admissible. Then, for nonnegative integers h; i and j satisfyingh+ i+ j � t and j � v � k;redhderiresj t-(v; k; �) = (t� i� j � h)-�v � i� j; k � i; �t�h�j;j�is admissibleHen
e the 
on
ept of a family makes sense:De�nition 2.5 (
f. Fig. 1) Let t-(v; k; �) be admissible. The family of design parameters generatedby t-(v; k; �) isFamily�t-(v; k; �)� = �redh deri resj t-(v; k; �) j h; i; j 2 N; h+ i+ j � t; j � v � k 	:We give some more information about family members:Theorem 2.6 The parameter sets t0-(v0; k0; �0) in the family generated by t-(v; k; �) are 
hara
ter-ized by the following 
onditions:(i) 0 � t0 � t,(ii) k0 � v0 � v,(iii) t0 � k0 � k, 4



t-(v; k; �)
red

der res
Figure 1: The family of a t-(v; k; �)(iv) k � k0 � v � v0 � t� t0,(v) �0 = �k�k0+t0;v�v0�k+k0 :Proof: Let t0-(v0; k0; �0) be a parameter set satisfying (i)-(v). Then i := k�k0 and j := v�v0�(k�k0)and h := t� t0 � i � j = t� t0 � (v � v0) are nonnegative integers with h+ i+ j = t� t0 � t; andj � v � k � (v0 � k0) � v � k: By Lemma 2.4,redhderiresj t-(v; k; �) = (t� i� j � h)-�v � i� j; k � i; �t�h�j;j�= t0-(v0; k0; �t0+(k�k0);v�v0�(k�k0))and thus t0-(v0; k0; �0) 2 Family�t-(v; k; �)�: A routine 
he
k using Lemma 2.4 shows that all designparameter sets 
ontained in the family of a t-(v; k; �) satisfy (i)-(v). 2Consider the following question: given t; k and v; what are the possible values of � in admissiblet-(v; k; �)? Before we 
an answer this, let us introdu
e the number��(t; v; k) := l
m� �k�st�s�g
d ��k�st�s�; �v�st�s�� ���� 0 � s � t�: (4)Then ��(t; v; k) =��(t; v; v � k);��(k; v; k)=��(0; v; k) = ��(t; v; v) = 15



for all t � k � v: The following result gives a 
hara
terization of admissible parameter sets. Inparti
ular, it shows that given t; k and v; the smallest index � for an admissible parameter sett-(v; k; �) is ��(t; v; k):Proposition 2.7 Let t; v; k and � be nonnegative rationals with k < v: The following 
onditionsare equivalent:(i) The parameter set t-(v; k; �) is admissible.(ii) redi t-(v; k; �) is integral for 0 � i � t; where t � k and 1 � � � �max(t; v; k):(iii) t; v; k; � 2 N; ��(t; v; k) j �; t � k and 1 � � � �max(t; v; k):(iv) der t-(v; k; �) and res t-(v; k; �) are admissible.(v) red t-(v; k; �) and der t-(v; k; �) are admissible.(vi) red t-(v; k; �) and res t-(v; k; �) are admissible and t0 < k0 where res t-(v; k; �) = t0-(v0; k0; �0):Proof:(i), (ii) : As resi t-(v; k; �) = s-�v; k; �(v�st�s)(k�st�s)� with s := t� i; (i) and (ii) are equivalent.(i), (iii) : If t-(v; k; �) is admissible, then for 0 � s � t; the number �(v�st�s)(k�st�s) is integral. Thus �k�st�s�divides ��v�st�s� whi
h implies that (k�st�s)g
d �(k�st�s);(v�st�s)� divides � for all these s: Therefore �� divides �:The other impli
ation is 
lear.(i), (iv) : By Lemma 2.3, (i) implies (iv): On the other hand, assume that der t-(v; k; �) andres t-(v; k; �) are admissible. In parti
ular, �res = � v�kk�(t�1) is integral. Then (2) implies �red =�der + �res is integral, so red t-(v; k; �) is integral. It remains to show that �redi is integral for1 < i � t: If t = 1; there is nothing to show. So assume t � 2: We apply (2) to get �red2 =(�red)der + (�red)res = (�der)red + (�res)red; parameters whi
h are integral by our assumption. So�red2 is integral. We 
an pro
eed by indu
tion.(i), (v) : By Lemma 2.3, (i) implies (v): Now assume that red t-(v; k; �) and der t-(v; k; �) areadmissible. In parti
ular, �der = � is integral. Moreover, t � k sin
e t � 1 � k � 1 holds forthe derived parameter set. Also, � � �max(v; t; k) by Lemma 2.2. The 
onditions (ADM3-s) for0 � s � t� 1 are satis�ed, and hen
e t-(v; k; �) is admissible.(i), (vi) : Again by Lemma 2.3, (i) implies (vi): Now assume that red t-(v; k; �) and res t-(v; k; �)are admissible. By (2), � = �der = �red��res is integral whi
h is (ADM3-t). The assumption t0 < k06



implies t� 1 < k; hen
e t � k < v: (ADM2) follows by Lemma 2.2. The 
onditions (ADM3-s) for0 � s � t� 1 
orrespond to the 
onditions for the parameter set red t-(v; k; �) for s > 0. 2Sin
e the parameters of the 
omplete design are admissible, the previous result implies that��(t; v; k) ��� �max(t; v; k): (5)It is useful to introdu
e the poset of admissible design parameters, denoted as P; as the transitive
losure of the relationships indu
ed by the operators der; red and res on admissible parameter sets.This means that we have t0-(v0; k0; �0) � t-(v; k; �)if and only if there is a sequen
e D1; : : : ;Dr of operators 
hosen from der; red and res su
h thatDr(� � � (D1(t-(v; k; �)) � � � ) = t0-(v0; k0; �0):Note that the families of De�nition 2.5 are just the order theoreti
 ideal in the poset P:The question arises whether there exists a largest family 
ontaining a given parameter set. Interms of the poset P; this questions amounts to whether or not there always is a maximal elementabove any given element. The purpose of this se
tion is to settle this question. We note that the
omplete design is the derived design of an in�nite number of 
omplete designs with larger blo
ksize. This means we will have to ex
lude 
omplete designs from our 
onsideration.We introdu
e the inverse operators red�1; der�1 and res�1 (
f. Fig. 2). These are only partially
red der res

red�1 der�1 res�1t-(v; k; �)
(t� 1)-(v; k; � v�(t�1)k�(t�1) ) (t� 1)-(v � 1; k � 1; �) (t� 1)-(v � 1; k; � v�kk�(t�1) )
(t+ 1)-(v; k; �k�tv�t ) (t+ 1)-(v + 1; k + 1; �) (t+ 1)-(v + 1; k; � k�tv+1�k )

Figure 2: The operators red�1; der�1 and res�1de�ned fun
tions as we require the image to be admissible:7



De�nition 2.8 Let t-(v; k; �) be an admissible parameter set. Put(i) red�1t-(v; k; �) := (t+ 1)-(v; k; �k�tv�t ) if admissible(ii) der�1t-(v; k; �) := (t+ 1)-(v + 1; k + 1; �) if admissible and(iii) res�1t-(v; k; �) := (t+ 1)-(v + 1; k; � k�tv+1�k ) if admissible.If one of these fun
tions is de�ned, we say that the given parameter set extends under that operator.Let us return to the study of maximal elements in the poset P: A related | but mu
h harder| problem is to determine whether a design 
an be extended, i.e. whether there exists anotherdesign whose derived design is the given one (for example, Cameron in [3℄ determines whi
h squaredesigns are extendible). Of 
ourse, for a design to be extended, the parameter set of the extensionmust be admissible, i.e. the operator red�1 must be de�ned. Hen
e admissibility of parameter setsgive ne
essary 
onditions for extensions of designs. Let us quote two results in this 
ontext, whi
hwere mentioned by Dembowski [4, p. 76, 77℄. We should re
all that the parameters �i;j of (1) areintegral for admissible parameter sets.Lemma 2.9 Let t-(v; k; �) be an admissible t-design parameter set. Re
all that b = �0;0 denotesthe number of blo
ks of a design, and r = �1;0 is the number of blo
ks on a point.(i) A ne
essary 
ondition for der�1 to be de�ned is that b(v + 1) is divisible by k + 1:(ii) Assume t � 2: A ne
essary 
ondition for res�1 to be de�ned is that �2;0(k � 2) is divisible byv + 1� k:Note that Alltop [1℄ des
ribes further 
onditions under whi
h t-designs 
an be extended.The following analogue of Lemma 2.2 is easily proved:Lemma 2.10 Let t-(v; k; �) be an admissible parameter set. Assume that D�t-(v; k; �)� = t0-(v0; k0; �0)is admissible for some D 2 fred�1;der�1; res�1g: Then��max(t; v; k) = �0�max(t0; v0; k0) :From this we dedu
e that�0� = �max(t0; v0; k0)�max(t; v; k) = fDt;v;k; where fDt;v;k = 8>><>>: k�tv�t if D = red�1;1 if D = der�1;k�tv+1�k if D = res�1: (6)Note that fDt;v;k is just the fa
tor by whi
h the index 
hanges under the operator D:The next result follows from 
ommutativity of the six operators fred�1;der�1; res�1g :8



Lemma 2.11 Let t-(v; k; �) be an admissible design parameter set, and assume thatred�hder�ires�j�t-(v; k; �)� is admissible for some nonnegative integers h; i and j: Thenred�h0der�i0res�j0�t-(v; k; �)� is admissible for all nonnegative integers h0 � h; i0 � i and j0 � j:Lemma 2.12 Let t-(v; k; �) be admissible, and assume that D1�t-(v; k; �)� and D2�t-(v; k; �)� arede�ned for D1;D2 2 fred�1;der�1; res�1g; D1 6= D2: In addition, if fD1;D2g = fred�1; res�1g weassume that � 6= �max: Then D1D2�t-(v; k; �)� = D2D1�t-(v; k; �)� is admissible, too.Proof: We distinguish 3 
ases a

ording to D1;D2: Up to a reordering of D1 and D2 these are allpossible 
ases.D1 = der�1;D2 = res�1 : We do not yet know if der�1res�1�t-(v; k; �)� is admissible, but the 
om-mutativity of the operators allows to dedu
eres�der�1res�1t-(v; k; �)� = der�1t-(v; k; �)and der�der�1res�1t-(v; k; �)� = res�1t-(v; k; �)are admissible by assumption. Hen
e by Proposition 2.7, (iv) , (i), der�1res�1t-(v; k; �) is admis-sible, i. e. D1D2�t-(v; k; �)� is de�ned.D1 = red�1;D2 = der�1 : We 
an pro
eed in a similar way using Proposition 2.7, (v) , (i), respe
-tively, to get the result in that 
ase.D1 = red�1;D2 = res�1 : In this 
ase we have the additional assumption � 6= �max whi
h we needto show that red�1res�1�t-(v; k; �)� satis�es (ADM1): Deny this. Then t+1 = k and red�1t-(v; t+1; �) = (t + 1)-�v; t + 1; � 1v�t� and res�1t-(v; t + 1; �) = (t + 1)-�v + 1; t + 1; � 1v�t�: But the lasttwo parameter sets are 
omplete, hen
e t-(v; k; �) is 
omplete by Lemma 2.10, 
ontradi
ting theassumption � 6= �max: We 
on
lude that t � k� 2; so red�1res�1�t-(v; k; �)� satis�es (ADM1). Wepro
eed as usual: res�red�1res�1t-(v; k; �)� = red�1t-(v; k; �)and red�red�1res�1t-(v; k; �)� = res�1t-(v; k; �)are admissible by assumption. Moreover, t+1 < k; whi
h means that the two parameter sets on theright hand side satisfy the additional assumption of Proposition 2.7, (vi). Hen
e red�1res�1t-(v; k; �)is admissible, i. e. D1D2�t-(v; k; �)� is de�ned. 29



Lemma 2.13 Let t-(v; k; �) be an admissible design parameter set with � 6= �v�tk�t�: Assume that fornonnegative integers h1; h2; i1; i2; j1; j2 the parameter setsred�h` der�i` res�j` t-(v; k; �) are admissible for ` = 1; 2: (7)Then red�max(h1;h2) der�max(i1;i2) res�max(j1;j2) t-(v; k; �) is admissible as well.Proof: First note that red�min(h1;h2) der�min(i1;i2) res�min(j1;j2) t-(v; k; �) is admissible byLemma 2.11. Hen
e it suÆ
es to prove the 
laim for the 
ase that one of the 
orrespondingintegers is zero, i. e. h1h2 = 0; i1i2 = 0 and j1j2 = 0: The assumption is still given by (7). As-sume that h2 6= 0; hen
e h1 = 0: In this 
ase we pi
k red�1 and use Lemma 2.12 to show thatred�1der�i1res�j1 t-(v; k; �) is admissible. By Lemma 2.11, der�i1res�j1�red�1t-(v; k; �)� is admis-sible, as well as der�i2res�j2�red�1t-(v; k; �)�; i. e. the assumption (7) holds for red�1t-(v; k; �)instead of t-(v; k; �) and h2 redu
ed by one. We pro
eed by indu
tion. Similarly, we pro
eed withthe other operators. The assumption � 6= �v�tk�t� is needed for applying Lemma 2.12. 2Theorem 2.14 Let t-(v; k; �) be an admissible parameter set with � 6= �v�tk�t�: Then there exists aunique largest admissible parameter set, 
alled An
estor�t-(v; k; �)�, su
h that t-(v; k; �) is 
ontainedin its family. More pre
isely, there exist nonnegative integers hmax, imax and jmax maximal withrespe
t to the property thatAn
estor�t-(v; k; �)� = red�hmax der�imax res�jmax t-(v; k; �)is de�ned. The given parameter set is the hmax-fold redu
tion, imax-fold derived and jmax-foldresidual of its an
estor. A design parameter set whi
h equals its own an
estor is 
alled an
estorparameter set. If An
estor�t-(v; k; �)� = t0-(v0; k0; �0) then�0�max(t0; v0; k0) = ��max(t; v; k) :Hen
e the an
estor is again in
omplete.Proof: Fix an admissible parameter set t-(v; k; �) with � < �v�tk�t� = �max: We �rst have to showthat An
estor�t-(v; k; �)� is de�ned, i. e. that the integers hmax, imax and jmax exist. Therefore, welook at the parameters arising as results of the operations der�1; red�1 and res�1 (
f. Fig. 2). In
ase of red�1 and res�1; the di�eren
e k � t stri
tly de
reases, so imax and jmax are both boundedabove by k � t: What 
an be said about the number of times that der�1 
an be applied? Assumethis is the 
ase in�nitely often and putbn = # of blo
ks of der�n t-(v; k; �) = ��v+nt+n��k+nt+n� :10



By (ADM3-0), bn is an integer. Note thatbn+1bn = v + n+ 1k + n+ 1 (8)holds, even for the 
omplete design with � = �max(t; v; k): For simpli
ity, we write �max instead of�max(t; v; k): Put
n = # of blo
ks of der�n t-(v; k; �max) = �max �v+nt+n��k+nt+n� = �v + nk + n�:By (8), the sequen
es of numbers (bn) and (
n) are proportional. Hen
e there exists a rationalnumber 
 with 0 < 
 < 1 and 
 = bn
n for all n � 0. In parti
ular,
 = b0
0 = �vt���kt��vk� = �vt���vt��v�tk�t� = ��max :Moreover, bn = 

n = ��v+nk+n��max 2 Nfor all integers n � 0: Let p be a prime dividing �maxg
d(�max;�) (su
h a prime exists sin
e 0 < � < �maxby assumption). We dedu
e that p divides �v+nk+n� for all n: But this is impossible as for example�pm�1j � = Qjh=1 pm�hh 6� 0 mod p for all 0 � j � pm � 1 and arbitrary m : If the numerator isdivisible by ps; say, then the denominator is divisible by that number, too. Hen
e all fa
tors p
an
el in the produ
t. We 
on
lude that the number of times that red�1 
an be applied is �nite,and we let hmax be maximal with respe
t to the property that res�hmax is de�ned.Lemma 2.13 implies the uniqueness of the an
estor parameter set. The �nal two statementsfollow by repeated appli
ation of Lemma 2.10. 2Example 2.15 There exist 5-(23; 6; 6) designs invariant under Hol(C23): We �nd thatder�2 5-(23; 6; 6) = 7-(25; 8; 6)is an
estor. (Note that it is not known whether or not a 7-(25; 8; 6) design exists.) Figure 3 displaysthe family of this parameter set. On the left, the pyramid of parameter sets with t � 5 is shownNote that in the bottom layer, there are three more design parameter sets. A more 
on
ise wayof displaying the family is indi
ated to the right, whi
h shows the layers one after another. Theunderlined parameter sets are known to be realizable. 3As an appli
ation, we evaluate the an
estor for Steiner systems S(t; t+ 1; v) with v � t prime:11



7-(25; 8; 6)6-(25; 8; 57) 6-(24; 7; 6) 6-(24; 8; 51)5-(25; 8; 380)
5-(23; 6; 6)

5-(23; 8; 272)red
der

res 7-(25; 8; 6)6-(25; 8; 57) 6-(24; 8; 51)6-(24; 7; 6)5-(25,8,380) 5-(24,8,323) 5-(23; 8; 272)5-(24,7,57) 5-(23; 7; 51)5-(23,6,6)Figure 3: The family of 7-(25; 8; 6)Proposition 2.16 Let t and v be integers with v � t a prime. ThenAn
estor(t-(v; t+ 1; 1)) = der�n t-(v; t+ 1; 1) = (t+ n)� �v + n; t+ n+ 1; 1�with n = v � 2(t+ 1): In parti
ular, if An
estor(t-(v; t+ 1; 1)) = t0-(v0; k0; 1) then k0v0 = 12 :Proof:(i) We �rst show that (t + n)-�v + n; t + n + 1; 1� is admissible if and only if n � v � 2(t + 1):We have the following equivalen
e:(t+ n)-�v + n; t+ n+ 1; 1� is admissible() (ADM3-s) holds for 0 � s � t+ n() (ADM3-(t + n� s)) holds for 0 � s � t+ n() (v � (t� 1)) � � � (v � (t� s))2 � � � (s+ 1) = 1v � t�v + t+ ss+ 1 � is integral for 0 � s � t+ n:If s + 1 < v � t then v � t prime implies g
d �(s + 1)!; v � t� = 1: Sin
e �v + t+ ss+ 1 � is aninteger for all s; (s+ 1)! ��� (v � (t� 1)) � � � (v � (t� s))for s + 1 < v � t , s � v � t � 2: Hen
e (t + n)-�v + n; t + n+ 1; 1� is admissible for all nsatisfying t + n � v � t � 2 , n � v � 2(t � 1): On the other hand, if n = v � 2t � 1 then12



the parameter set in question would be (v� t� 1)-(2v � 2t� 1; v� t; 1); so �ADM3-0� wouldrequire that(2v � 2t� 1� (v � t� 2)) � � � (2v � 2t� 1)(v � t� (v � t� 2)) � � � (v � t� 0) = (v � t+ 1) � � � (2(v � t)� 1)2 � � � (v � t)were integral. But the prime v�t divides none of the fa
tors in the numerator, a 
ontradi
tion.(ii) Part (i) implies that der�n t � (v; t + 1; 1) = (t + n)-�v + n; t + n + 1; 1� is de�ned forn = v � 2(t+ 1) and no larger n: We 
laim that it is not possible to apply red�1 or res�1 tothis parameter set: If red�1 were appli
able, then (v + n) � (t + n � 1) = v � t + 1 had todivide 1 � (t+n+1� (t+n)) = 1 whi
h it does not (sin
e v� t 6= 0). If res�1 were appli
able,then v + n + 1 � (t + n + 1) = v � t had to divide 1 whi
h it does not (sin
e v � t 6= 1).Hen
e, An
estor�t� (v; t+1; 1)� = der�n t� (v; t+ 1; 1) with n = v� 2(t+1): In parti
ular,if An
estor�t� (v; t+ 1; 1)� = t0 � (v0; k0; 1) = (t+ n)-�v + n; t+ n+ 1; 1�; thenk0v0 = t+ n+ 1v + n = v � t� 12v � 2t� 2 = 12 : 2For example, An
estor�5-(244; 6; 1)� = der�232 �5-(244; 6; 1)� = 237-(476; 238; 1):3 Whi
h design parameter sets extend?The an
estors of parameter sets di�ering only in the index 
an look quite di�erent:Example 3.1 Consider the 
olle
tion of parameter sets of the form 5-(24; 8; �) where 1 � � ��max(5; 24; 8) = 969 = 3 � 17 � 19 (note that ��(5; 24; 8) = 1). We getAn
estor�5-(24; 8; �)� =8>>>>>>>>>>>>><>>>>>>>>>>>>>:
17-(36; 18;m � 1) = red�0der�10res�2 5-(24; 8;m � 51) if � = m � 5115-(32; 16;m � 1) = red�2der�8res�0 5-(24; 8;m � 57) if � = m � 5713-(32; 16;m � 3) = red�0der�8res�0 5-(24; 8;m � 3) if � = m � 3; 51 - �; 57 - �6-(25; 8;m � 3) = red�0der�0res�1 5-(24; 8;m � 17) if � = m � 17; 19 - �6-(24; 8;m � 3) = red�1der�0res�0 5-(24; 8;m � 19) if � = m � 19; 17 - �7-(25; 8;m � 6) = red�1der�0res�1 5-(24; 8;m � 323) if � = m � 323 = 17 � 195-(24; 8; �) = red�0der�0res�0 5-(24; 8; �) otherwiseNote that the \otherwise" 
ase is equivalent tog
d��; �max(5; 24; 8)��(5; 24; 8) � = g
d(�; 969=1) = g
d(�; 3 � 17 � 19) = 1: 313



In order to determine the an
estor, we have to �nd out whi
h parameter sets extend under theoperators red�1; der�1 or res�1: For this, we examine properties of the fun
tion ��:Proposition 3.2 Let v and k be integers with k � v: Then(i) ��(t+ 1; v; k) = k � tg
d(v � t; k � t) � ��(t; v; k)g
d ���(t; v; k); v�tg
d(v�t;k�t)� for all t < k; (9)(ii) ��(t+ 1; v + 1; k + 1) = l
m ��(t; v; k); �k+1t+1�g
d ��k+1t+1�; �v+1t+1��!: (10)Note that (k+1t+1)g
d �(k+1t+1);(v+1t+1)� is the smallest natural number a su
h that a (v+1)���(v�t+1)(k+1)���(k�t+1) is integral.Proof:(i) By de�nition, ��(t; v; k) is the smallest natural number su
h that (ADM3-0) ^ � � � ^ (ADM3-t) hold for the parameter set t-�v; k;��(t; v; k)�: Consider the 
orresponding admissibility
ondition for the parameters (t + 1)-�v; k;��(t + 1; v; k)�; whi
h we denote by (ADM3'-0)^ � � � ^ (ADM3'-(t+1)). (ADM3'-(t+1)) just implies that ��(t+1; v; k) is an integer. Writev � tk � t = v�tg
d(v�t;k�t)k�tg
d(v�t;k�t)with 
oprime numerator and denominator. Sin
e (ADM3'-t) states that ��(t+ 1; v; k) v�tk�t isintegral, ��(t+ 1; v; k) must be a multiple of k�tg
d(k�t;v�t) : PutL(t+1) := ��(t+ 1; v; k)k�tg
d(v�t;k�t) 2 Nand 
onsider the two sets of 
onditions in parallel. For 0 � s � t� 1, we have(ADM3-s) () ��(t; v; k) (v � s) � � � (v � (t� 1))(k � s) � � � (k � (t� 1)) 2 N;(ADM3'-s) () ��(t+ 1; v; k) (v � s) � � � (v � (t� 1))(v � t)(k � s) � � � (k � (t� 1))(k � t) 2 N() L(t+1) � (v � s) � � � (v � (t� 1)) v�tg
d(v�t;k�t)(k � s) � � � (k � (t� 1)) 2 N:14



Note that the additional fa
tor v�tk�t in (ADM3'-s) does not depend on s: The last integrality
ondition shows that ��(t; v; k)g
d���(t; v; k); v�tg
d(v�t;k�t)�is the smallest solution for L(t+1). Hen
e by de�nition of L(t+1);��(t+ 1; v; k) = k � tg
d(v � t; k � t) � ��(t; v; k)g
d���(t; v; k); v�tg
d(v�t;k�t)� :(ii) For 0 � s � t; let (ADM3-s) be the admissibility 
ondition for the t-(v; k;��) design and for0 � s � t + 1; let (ADM3'-s) be the admissibility 
ondition for the (t + 1)-(v + 1; k + 1; �)design. Note that (ADM3-s) () (ADM3'-(s + 1)) for 0 � s � t while (ADM3'-0) requiresthat ��(t+ 1; v + 1; k + 1)�v+1t+1��k+1t+1�is integral. This last 
ondition 
an be reworded as�k+1t+1�g
d��k+1t+1�; �v+1t+1�� ��� ��(t+ 1; v + 1; k + 1):Hen
e ��(t+ 1; v + 1; k + 1) is the least 
ommon multiple of ��(t; v; k) and that number.2Example 3.3 (
f. Example 3.1) Consider the parameter set 5-(24; 8; 1) again. We have:(i) ��(6; 24; 8) = 3g
d(19;3) � 1g
d �1; 19g
d(19;3)� = 3;(ii) ��(6; 25; 9) = l
m(1; 3) = 3 as 259 248 237 226 215 204 = 25�23�113 ; hen
e 3 is the smallest naturalnumber making this fra
tion integral;(iii) ��(6; 25; 8) = 3 sin
e a = 3 is the smallest natural number su
h that all pre�xing partialprodu
ts in a � 203 � 214 � 225 � 236 � 247 � 258 evaluate to integers. 3The question of whether an admissible design parameter set t-(v; k; �) extends under one of theoperators red�1; der�1 or res�1 turns out to be equivalent to 
ertain divisibility 
onditions for � interms of t; v and k: Our results are strongest in the 
ase of the operators red�1 and der�1 sin
e wehave the re
ursion formulae (9) and (10) of Proposition 3.2 in that 
ases.15



Proposition 3.4 Let t-(v; k; �) be an admissible design parameter set (hen
e ���(t;v;k) is an integerby (4)). Then(i) red�1 t-(v; k; �) is de�ned if and only if(a) t < k and(b) 
red�1t;v;k �� ���(t;v;k) where 
red�1t;v;k := v�tg
d(v�t;k�t)g
d���(t; v; k); v�tg
d(v�t;k�t)� : (11)(ii) der�1 t-(v; k; �) is de�ned if and only if 
der�1t;v;k �� ���(t;v;k) where
der�1t;v;k := ��(t+ 1; v + 1; k + 1)��(t; v; k) = (k+1t+1)g
d�(k+1t+1);(v+1t+1)�g
d���(t; v; k); (k+1t+1)g
d�(k+1t+1);(v+1t+1)�� : (12)(iii) res�1 t-(v; k; �) is de�ned if and only if(a) t < k and(b) 
res�1t;v;k �� ���(t;v;k) where
res�1t;v;k = ��(t+ 1; v + 1; k) � (v + 1� k)g
d ���(t+ 1; v + 1; k) � (v + 1� k);��(t; v; k) � (k � t)� : (13)Proof:(i) The operator D = red�1 is not de�ned for parameter sets with t = k: Hen
e assume t < k:By (4), der�1 t� (v; k; �) = (t+ 1)� �v; k; �k�tv�t � is admissible if and only if��(t+ 1; v; k) ��� �k � tv � t(9)() (v � t) � k � tg
d(v � t; k � t) � ��(t; v; k)g
d ���(t; v; k); v�tg
d(v�t;k�t)� ��� � � (k � t)() v�tg
d(v�t;k�t)g
d���(t; v; k); v�tg
d(v�t;k�t)�| {z }=:
red�1t;v;k ��� ���(t; v; k) :
16



(ii) Using (4) again, we �nd that der�1 t-(v; k; �) = (t + 1)-(v + 1; k + 1; �) is admissible if andonly if ��(t+ 1; v + 1; k + 1) ��� �(10)() ��(t+ 1; v + 1; k + 1)��(t; v; k) = (k+1t+1)g
d�(k+1t+1);(v+1t+1)�g
d���(t; v; k); (k+1t+1)g
d �(k+1t+1);(v+1t+1)��| {z }=:
der�1t;v;k ��� ���(t; v; k) :
(iii) If t = k; the operator res�1 is not de�ned for t-(v; k; �): Hen
e assume t < k: By (4),res�1 t-(v; k; �) = (t+ 1)-(v + 1; k; � k�tv+1�k ) is admissible if and only if��(t+ 1; v + 1; k) ��� � k � tv + 1� k() ��(t+ 1; v + 1; k) � (v + 1� k) ��� ���(t; v; k) ���(t; v; k) � (k � t)() ��(t+ 1; v + 1; k) � (v + 1� k)g
d(��(t+ 1; v + 1; k) � (v + 1� k);��(t; v; k) � (k � t))| {z }=:
res�1t;v;k ��� ���(t; v; k) :

2As the 
omplete design extends under ea
h of the operators (assuming t < k for D = red�1 orD = res�1) we get:Corollary 3.5 
Dt;v;k ��� �max(t; v; k)��(t; v; k) (14)for all 0 � t � k � v and D 2 fred�1; der�1 res�1g: If D = red�1 or D = res�1; we require t < k:Example 3.6 (
f. Examples 3.1, 3.3) For whi
h � does the parameter set 5-(24; 8; �) extend underD 2 fred�1; der�1; res�1g? As t < k; we get a result in all three 
ases. Using Proposition 3.4, we
ompute(i) 
red�15;24;8 = 19g
d(19;3)g
d�1; 19g
d(19;3)� = 19; hen
e red�1 5-(24; 8; 19) = 6-(24; 8; 19 � 319 ) = 6-(24; 8; 3) isadmissible. This is in a

ordan
e with ��(6; 24; 8) = 3 (
f. Example 3.3).17



(ii) 
der�15;24;8 = 3g
d(1;3) = 3; hen
e der�1 5-(24; 8; 3) = 6-(25; 9; 3) is admissible. This is in a

ordan
ewith ��(6; 25; 9) = 3 (
f. Example 3.3).(iii) 
res�15;24;8 = 3�17g
d(3�17;1�3) = 17; hen
e res�1 5-(24; 8; 17) = 6-(25; 8; 3) is admissible. This is ina

ordan
e with ��(6; 25; 8) = 3 (
f. Example 3.3). 34 Clans of design parameter setsIn the previous se
tion, we en
ountered 
olle
tions of design parameter sets with equal t; v and kand whose set of indi
es form multiples of a 
ertain number. We 
all that a 
lan (re
all from (5)that ��(t; v; k) divides �max(t; v; k)):De�nition 4.1 The 
lan of the parameter quadruple (t; v; k; s) with ��(t; v; k) j s j �max(t; v; k) isClan�t; v; k; s� = nt-(v; k;m � s) ��� m 2 N; 1 �m � �max(t; v; k)s o;i. e. the set of admissible design parameters for t; v and k whose index is a multiple of s: The full
lan is Clan�t; v; k� := Clan�t; v; k;��(t; v; k)�: A 
lan is trivial if it 
onsists of just one element.For a natural number 
 j �max(t;v;k)s ; put
 � Clan(t; v; k; s) := Clan(t; v; k; 
s): (15)For s1 and s2 with �� j si j �max(t; v; k) for i = 1; 2 we haveClan�t; v; k; s1� � Clan�t; v; k; s2� () s2 j s1; (16)in whi
h 
ase we 
all Clan�t; v; k; s1� a sub
lan of Clan�t; v; k; s2�: For �xed t; v and k; the orderedset of 
lans Clan�t; v; k; s� where ��(t; v; k) j s j �max(t; v; k) is anti-isomorphi
 to the latti
e ofdivisors of �max(t;v;k)��(t;v;k) : A short notation for Clan�t; v; k; s� ist-(v; k;m � s)m��max(t;v;k)s : (17)Let us get ba
k to the situation of Proposition 3.4:Proposition 4.2 Consider Clan(t; v; k); i. e. the set of admissible design parameter sets of theform t-(v; k;m ���(t; v; k)) with 1 � m � �max(t;v;k)��(t;v;k) :(i) For any D 2 fred�1;der�1; res�1g; the set of elements of Clan�t; v; k� for whi
h D is de�nedis either empty or forms a sub
lan 
Dt;v;k �Clan�t; v; k� (re
all the notation of (15)) where 
Dt;v;kis as in (11), (12) or (13). The set is empty if and only if t = k and D = red�1 or D = res�1:18



(ii) For D 2 fred�1;der�1; res�1g; assume there exists a natural number 
 su
h thatD�t-(v; k; 
��(t; v; k))� is de�ned. Take 
 to be minimal, i. e. 
 = 
Dt;v;k as in (i). ThenD(t-(v; k; 
��(t; v; k)) = t0-(v0; k0; �0) with �0 = ��(t0; v0; k0): Therefore the mappingD : 
 � Clan(t; v; k)! Clan(t0; v0; k0); (18)D�t-(v; k;m � 
 ���(t; v; k))� = t0-(v0; k0;m ���(t0; v0; k0))for all natural numbers m with 1 � m � �max(t;v;k)
���(t;v;k) is surje
tive, hen
e bije
tive. In otherwords, the operator D indu
es a bije
tion between the sub
lan 
 �Clan(t; v; k) and the full 
lanClan(t0; v0; k0): On the other hand, if 
 is an integer su
h thatD�t-(v; k; 
 ���(t; v; k))� = t0-(v0; k0;��(t0; v0; k0))then 
 is minimal, i. e. D�t-(v; k; d � ��(t; v; k))� is de�ned for no integer d less than 
:Moreover 
 = �max(t; v; k)�max(t0; v0; k0) � ��(t0; v0; k0)��(t; v; k) = ��(t0; v0; k0)��(t; v; k) � fDt;v;k (19)with fDt;v;k as in (6).Proof:(i) Follows from Proposition 3.4. Note that Corollary 3.5 implies 
 j �max(t;v;k)��(t;v;k) ; hen
e
 � Clan(t; v; k) is de�ned.(ii) In order to avoid 
onfusion, write D�1 for the 
hosen operator of the set fred�1;der�1; res�1g:We abbreviate �� = ��(t; v; k); ��0 = ��(t0; v0; k0); �max = �max(t; v; k) and �0max =�max(t0; v0; k0): Let D�1 t-(v; k; 
 � ��) = t0-(v0; k0; �0) with 
 minimal, i. e. 
 = 
Dt;v;k: Weare going to prove that �0 = ��0 : If there existst0-(v0; k0; �0) 2 Clan�t0; v0; k0;��0� nD�1�Clan�t-(v; k; 
 ���)��then D t0-(v0; k0; �0) = t-(v; k; �) 2 Clan(t; v; k;��) implies �� j �: Moreover, the operatorD�1 is de�ned for t-(v; k; �) and therefore by (i), 
 j ��� whi
h impliest0-(v0; k0; �0) 2 D�1�Clan�t-(v; k; 
 ���)��;a 
ontradi
tion. Hen
e D�1 indu
es a bije
tion of the sub
lan 
 � Clan(t; v; k) onto the full
lan Clan�t0; v0; k0�; namely the map des
ribed in (18). We 
on
lude using (6)��Clan�t0; v0; k0��� = ��
 � Clan�t; v; k��� () �0max��0 = �max
 ��� () 
 = �max�� ��0�0max = ��0�� � fDt;v;k :219



More informally, the previous result tells us that immediate relations in the poset of admissibledesign parameter sets always 
ome as bije
tions between a sub
lan 
 � Clan(t; v; k) and a full 
lanClan(t0; v0; k0): Consider our standard example on
e again:Example 4.3 (
f. Examples 3.3, 3.6) Having the 
orresponding values of �� at hand, the 
ompu-tations of Example 3.6 
an be simpli�ed using Proposition 4.2:(i) 
red�15;24;8 = ��(6;24;8)��(5;24;8)�fred�15;24;8 = 31� 319 = 19: Hen
e red�1 5-(24; 8;m � 19) = 6-(24; 8;m � 3) for all mwith 1 � m � 51 indu
es a bije
tion between 19 � Clan(5; 24; 8) and Clan(6; 24; 8):(ii) 
der�15;24;8 = ��(6;25;9)��(5;24;8)�fder�15;24;8 = 31�1 = 3: Hen
e der�1 5-(24; 8;m � 3) = 6-(25; 9;m � 3) for all m with1 � m � 323 indu
es a bije
tion between 3 � Clan(5; 24; 8) and Clan(6; 25; 9):(iii) 
res�15;24;8 = ��(6;25;8)��(5;24;8)�fres�15;24;8 = 31� 317 = 17: Hen
e res�1 5-(24; 8;m � 17) = 6-(25; 8;m � 3) for all mwith 1 � m � 57 indu
es a bije
tion between 17 � Clan(5; 24; 8) and Clan(6; 25; 8):In Figure 4, we show the parameters sets whi
h extend on
e again. Note that the m in that �gureis not the m in the previous 
al
ulations. 3
5-(24; 8;m � 1)m�969

6-(24; 8; m19 � 3)m19�51 6-(25; 9; m3 � 3)m3 �323 6-(25; 8; m17 � 3)m17�57red�119jm der�13jm res�117jm
Figure 4: The immediate relations above 5-(24; 8; �)Our aim is to des
ribe the relations between admissible parameter sets in terms of the parameterst; v and k only. So far, we have seen that this works for immediate relations. It will turn out shortlythat this is true in general. We introdu
e another relation de�ned on the set of 
lans as follows:De�nition 4.4 For integers t � k � v and t0 � k0 � v0; putClan�t; v; k� � Clan�t0; v0; k0� () 9�; �0 : t-(v; k; �) � t0-(v0; k0; �0); (20)where � = a�� � �max; �0 = a0��0 � �0max for some positive integers a and a0 and for �� =��(t; v; k); ��0 = ��(t0; v0; k0); �max = �max(t; v; k); �0max = �max(t0; v0; k0):20



Note that the numbers � and �0 in the previous de�nition mutually determine ea
h other. Hen
ewe 
an speak about the minimal � satisfying (20). The 
orresponding �0 will then also be minimal.In 
ase of immediate relations, Proposition 4.2 gives us the number 
Dt;v;k; whi
h determines thesmallest solution and at the same time the sub
lan of all solutions of (20). We 
all that numberthe asso
iated sub
lan generator. We may put it as a subs
ript to the relation symbol as in thefollowing example:Example 4.5 (
f. Examples 3.1, 4.3) Proposition 4.2 yields the following in
lusions for the
lan of 5-(24; 8; �) designs: Clan(5; 24; 8) �19 Clan(6; 24; 8); Clan(5; 24; 8) �3 Clan(6; 25; 9) andClan(5; 24; 8) �17 Clan(6; 25; 8): 3The general 
ase of relations between admissible parameter sets is dealt with in the followingproposition:Proposition 4.6 Assume Clan(t; v; k) � Clan(t0; v0; k0); i. e. there exist nonnegative integers h; i;j and �; �0 su
h that red�h der�i res�j �t-(v; k; �)� = t0-(v0; k0; �0) (21)for admissible parameter sets. Abbreviate �� = ��(t; v; k); �max = �max(t; v; k) and similarly��0 = ��(t0; v0; k0); �0max = �max(t0; v0; k0): Write � = 
 ���:(i) If � and �0 are minimal with respe
t to (21) then 
 j �max�� and �0 = ��0: Hen
e red�h der�i res�jindu
es a bije
tion between the sub
lan 
 � Clan(t; v; k) and the full 
lan Clan(t0; v0; k0) :red�h der�i res�j : 
 � Clan(t; v; k)! Clan(t0; v0; k0); (22)red�h der�i res�j�t-(v; k;m � 
 ���)� = t0-(v0; k0;m ���0)for all natural numbers m with 1 � m � �max
�� : Moreover,
 = �max�0max � ��0�� : (23)On the other hand, if 
 is an integer su
h thatred�h der�i res�j �t-(v; k; 
 ���)� = t0-(v0; k0;��0)then 
 is minimal, i. e. red�h der�i res�j �t-(v; k; d � ��)� is de�ned for no integer d lessthan 
: We write Clan(t; v; k) (h;i;j)�
 Clan(t0; v0; k0) and 
all (h; i; j) the path information of therelation. 21



(ii) The set of 
lans is ordered with respe
t to the relation \�". The path information is additiveand the sub
lan generator multipli
ative with respe
t to transitivity of that relation.(iii) For Clan(t; v; k) (h;i;j)�
 Clan(t0; v0; k0) where Clan(t; v; k) is 
onsidered �xed, the asso
iatedsub
lan generator together with the path information and Clan(t0; v0; k0) mutually determineea
h other:(a) (1) t0 = t+ h+ i+ j;(2) v0 = v + i+ j;(3) k0 = k + i;(4) ��0 = 
 ���(k�th )(v�th ) (k�t�hj )(v+j�kj ) = 
 ����0max�max :(b) (1) i = k0 � k;(2) j = v0 � v � i;(3) h = t0 � t� i� j;(4) 
 = ��0�� (v�th )(k�th ) (v+j�kj )(k�t�hj ) = ��0�� �max�0max :Proof:(i) Let us apply the operators red�hder�ires�j one by one in su

ession, thereby redu
ing tothe 
ase of immediate relations and using Proposition 4.2 for ea
h of the individual steps.Moreover, we assume that minimality for
es �0 = ��0 (this will be justi�ed later). Considerthe operators red�1 Æ � � � Æ red�1| {z }h times Æ der�1 Æ � � � Æ der�1| {z }i times Æ res�1 Æ � � � Æ res�1| {z }j timeswhi
h we are applying one after another from right to left to the parameter set t-(v; k; 
 ���):For 
onvenien
e, put D` = 8>><>>: res�1 if 0 � ` < j;der�1 if j � ` < i+ j;red�1 if i+ j � ` < h+ i+ j:ApplyingD0;D1; : : : ;Dh+i+j�1 to t-(v; k; 
���) we obtain a sequen
e of admissible parametersets �t`-(v`; k`; 
` ���`)�h+i+j`=0 ; (24)with t0-(v0; k0; 
0 ���0) = t-(v; k; 
 ���)22



and ts-(vs; ks; 
s ���s) = t0-(v0; k0; 1 ���(t0; v0; k0))for s = h+ i+ j and ��` = ��(t`; v`; k`): The parameter sets are 
onne
ted byD`�t`-(v`; k`; 
`��`)� = t`+1-(v`+1; k`+1; 
`+1��`+1) for ` = 0; 1; : : : ; h+ i+ j � 1: (25)We solve these equations for the unknowns 
` ba
kwards, i. e. by solvingD`�1�t`�1-(v`�1; k`�1; 
`�1 ���`�1)� = t`-(v`; k`; 
` ���`)for ` = h+ i+ j; : : : ; 2; 1: Our initial 
hoi
e is 
h+i+j = 1: Using Proposition 4.2 (i), we get
`�1 = 
D`�1t`�1;v`�1;k`�1 � 
`;hen
e 
 = 
0 = h+i+j�1Ỳ=0 
D`t`;v`;k` :We have proved that red�hder�ires�j�t-(v; k; 
 ���)� = t0-(v0; k0;��0)holds for that 
: As ��0 is the smallest solution for �0 we 
an have, this justi�es the assumptionmade initially. The bije
tion (22) results from this. Therefore, using (6),��Clan�t0; v0; k0��� = ��
 � Clan�t; v; k��� () �0max��0 = �max
 ���() 
 = �max�� ��0�0max = ��0�� �Qh+i+j�1`=0 fD`t`;v`;k` : (26)(ii) We only verify transitivity of \�": Assume Clan(t1; v1; k1) (h1;i1;j1)�
1 Clan(t2; v2; k2) (h2;i2;j2)�
2Clan(t3; v3; k3): We then have two bije
tions of the form (22), indu
ed byred�h1 der�i1 res�j1�t1-(v1; k1;m1 � 
1 ���(t1; v1; k1))� = t2-(v2; k2;m1 ���(t2; v2; k2));red�h2 der�i2 res�j2�t2-(v2; k2;m2 � 
2 ���(t2; v2; k2))� = t3-(v3; k3;m2 ���(t3; v3; k3));where 1 � m` � �max(t`;v`;k`)
`���(t`;v`;k`) for ` = 1; 2: Putting m1 = 
2 and m2 = 1 we 
an 
ombine theequations arriving atred�(h1+h2) der�(i1+i2) res�(j1+j2)�t1-(v1; k1; 
1
2 ���(t1; v1; k1))� = t3-(v3; k3;��(t3; v3; k3)):By (i), 
1
2 is minimal in establishing a relation between Clan(t1; v1; k1) and Clan(t3; v3; k3):Hen
e Clan(t1; v1; k1) (h1+h2;i1+i2;j1+j2)�
1
2 Clan(t3; v3; k3); thereby also proving additivity of thepath information and multipli
ativity of the sub
lan generator.23



(iii) This follows from (26) in the proof of (i). The middle term with the binomial 
oeÆ
ients
omes from evaluating the produ
t of the fD`t`;v`;k`: 2Example 4.7 (
f. Example 3.1) Proposition 4.6 yields the following in
lusion for parameter setsof the form 5-(24; 8; �) with 323 j � :5-(24; 8;m � 323) � 7-(25; 8;m � 6) = red�1 res�1 5-(24; 8;m � 323)for 1 � m � 3: We express this asClan(5; 24; 8) (1;0;1)�323 Clan(7; 25; 8):Note that we have Clan(5; 24; 8) (1;0;0)�19 Clan(6; 24; 8) (0;0;1)�17 Clan(7; 25; 8) and Clan(5; 24; 8) (0;0;1)�17Clan(6; 25; 8) (1;0;0)�19 Clan(7; 25; 8) (
f. Fig. 5). 3
5-(24; 8;m � 1)m�9696-(25; 8; m17 � 3)m17�57 6-(24; 8; m19 � 3)m19�517-(25; 8; m323 � 6) m323�3

res�117jm red�119jmred�1323jm res�1323jm
Figure 5: Some 
lans above 5-(24; 8; �)Example 4.8 The numbers 
Dt;v;k need not be prime:Clan(5; 32; 8) (1;0;0)�9 Clan(6; 32; 8) (i. e. 
red�15;32;8 = 9);Clan(8; 41; 10) (0;0;1)�4 Clan(9; 42; 10) (i. e. 
res�18;41;10 = 4):They even need not be relatively prime:Clan(5; 32; 8) (1;0;0)�9 Clan(6; 32; 8) (i. e. 
red�15;32;8 = 9);Clan(5; 32; 8) (0;1;0)�3 Clan(6; 33; 9) (i. e. 
der�15;32;8 = 3): 324



Another result about the 
lans above a given 
lan is the following:Proposition 4.9 IfClan(t; v; k) (h1;i1;j1)�
1 Clan(t1; v1; k1) and Clan(t; v; k) (h2;i2;j2)�
2 Clan(t2; v2; k2)and l
m(
1; 
2) 6= �max(t;v;k)��(t;v;k) then there is a 
lan Clan(t3; v3; k3) su
h thatClan(t; v; k) (max(h1;h2);max(i1;i2);max(j1;j2))�l
m(
1;
2) Clan(t3; v3; k3):The parameters of the 
lan Clan(t3; v3; k3) are determined by Proposition 4.6 (iv)(a).Proof: Put �� = ��(t; v; k) and �max = �max(t; v; k): Then t-(v; k; l
m(
1; 
2)��) 2 
`�Clan(t; v; k)sin
e 
` j l
m(
1; 
2) for ` = 1; 2: Hen
ered�h`der�i`res�j`t-(v; k; l
m(
1; 
2)��) is admissible for ` = 1; 2:By assumption, t-(v; k; l
m(
1; 
2)��) is not 
omplete, hen
e by Lemma 2.13,red�max(h1;h2)der�max(i1;i2)res�max(j1;j2)t-(v; k; l
m(
1; 
2)��) is admissible.It remains to prove that l
m(
1; 
2) is the smallest integer d � �max�� with respe
t to the propertythat red�max(h1;h2)der�max(i1;i2)res�max(j1;j2)t-(v; k; d��)is de�ned. Consider su
h a number d and �x ` 2 f1; 2g: Then h` � max(h1; h2); i` � max(i1; i2);j` � max(j1; j2) imply that red�h`der�i`res�j`t-(v; k; d��) is de�ned (using Lemma 2.11). Byminimality of 
`; this implies 
` j d: Thus l
m(
1; 
2) j d and the statement is proved. 25 The families of a 
lanA 
lan gives rise to a set of families, generated by the elements of the 
lan:De�nition 5.1 The parameterized set of families of Clan(t; v; k) is the setF(t; v; k) = nFm(t; v; k) ��� 1 � m � �max(t; v; k)��(t; v; k) o (27)where Fm(t; v; k) = Family(t-(v; k;m ���): For (h; i; j) 2 N3 satisfying the 
onditions h+ i+ j � tand j � v � k; the elementsnredh deri resj t-(v; k;m ���) ��� 1 � m � �max(t; v; k)��(t; v; k) o (28)25



are 
orresponding members of F(t; v; k): The familyF�max(t;v;k)��(t;v;k) (t; v; k)is 
alled 
omplete. It 
onsists only of 
omplete parameter sets.Corresponding members of a parameterized set of families form sub
lans:Theorem 5.2 The 
orresponding members of the set of families F(t; v; k) form sub
lans 
 �Clan(t0; v0; k0); 
hara
terized by the following 
onditions:(i) 0 � t0 � t;(ii) k0 � v0 � v;(iii) t0 � k0 � k;(iv) k � k0 � v � v0 � t� t0;(v) 
 = ��(t;v;k)��(t0;v0;k0) �0max�max :The parameter sets of 
 � Clan(t0; v0; k0) 
orrespond bije
tively to the families F(t; v; k) :t0-(v0; k0;m � 
 ���(t0; v0; k0)) 2 Fm(t; v; k) for 1 � m � �max(t; v; k)��(t; v; k) : (29)Proof: We pro
eed as in the proof of Theorem 2.6. Let t0; v0; k0 and 
 be integers satisfying (i)-(v).Then i := k� k0 and j := v� v0� (k� k0) and h := t� t0� i� j = t� t0� (v� v0) are nonnegativeintegers with h+ i+ j = t� t0 � t and j = v� k� (v0 � k0) � v� k: Hen
e redh deri resj is de�nedfor t-(v; k;��(t; v; k)): The equationredh deri resj t-(v; k;m��(t; v; k)) = t0-(v0; k0;m�) (30)holds for all positive integers m � �max(t;v;k)��(t;v;k) and some (�xed) �: By Proposition 4.6, � =
��(t0; v0; k0) for the 
 given in (v). Hen
e we have a pairing between Clan(t; v; k) and mem-bers of the sub
lan 
 � Clan(t0; v0; k0): By (30), those members are 
orresponding members in theparameterized set of families F(t; v; k); with in
lusion as in (29).Conversely, a pairing between 
 � Clan(t0; v0; k0) and Clan(t; v; k) is equivalent toClan(t0; v0; k0) (h;i;j)�
 Clan(t; v; k) for some nonnegative integers (h; i; j): By Proposition 4.6 (withreversed roles of variables), i = k � k0; j = v � v0 � i; h = t � t0 � i � j and 
 = ��(t;v;k)��(t0 ;v0;k0) �0max�max :Hen
e t = t0 + h + i + j � t0 and v = v0 + i + j � v0: Moreover, k = k0 + i � k0: Finallyk � k0 = i � v � v0 = i+ j � t� t0 = h+ i+ j: 226



Example 5.3 Consider the family of 7-(25; 8; 6); a member of F(7; 25; 8): The other families areFamily(7-(25; 8; 12)) and Family(7-(25; 8; 18)): We draw the set of families as in Table 1, restri
tingto the layers of t-design parameter sets with t � 5: The index is written as a produ
t m � 
 � ��where 
 is as in Theorem 5.2. If 
 is one, the middle fa
tor is omitted. The upper bound for m;i. e. the number �max(t;v;k)��(t;v;k) is indi
ated as a subs
ript of the topmost 
lan. 37-(25; 8;m � 6)m�36-(25; 8;m � 19 � 3) 6-(24; 8;m � 17 � 3)6-(24; 7;m � 6)5-(25; 8;m � 19 � 20) 5-(24; 8;m � 323 � 1) 5-(23; 8;m � 34 � 8)5-(24; 7;m � 19 � 3) 5-(23; 7;m � 17 � 3)5-(23; 6;m � 6)Table 1: The parameterized set of families F(7; 25; 8)6 An
estor 
lansIt may happen that a relation between 
lans is trivial is the sense that the asso
iated sub
langenerator is one, for instan
e Clan(t; v; k) (h;i;j)�1 Clan(t0; v0; k0)and h + i + j > 0: Hen
e the parameter sets of the two 
lans 
orrespond bije
tively under theoperation der�h res�i red�j: It turns out that trivial relations are quite frequent, for example allbut the �rst of the 
hainClan(5; 24; 8) (0;1;0)�3 Clan(6; 25; 9) (0;1;0)�1 Clan(7; 26; 10) (0;1;0)�1 Clan(8; 27; 11)(0;1;0)�1 Clan(9; 28; 12) (0;1;0)�1 Clan(10; 29; 13) (0;1;0)�1 Clan(11; 30; 14)(0;1;0)�1 Clan(12; 31; 15) (0;1;0)�1 Clan(13; 32; 16):Why does this happen? Of 
ourse, the �rst parameter set of Clan(t; v; k); i. e. the parameter sett-(v; k;��(t; v; k)) must extend for this to be possible. The other way round, if t-(v; k;��(t; v; k))is an
estor then no trivial relation 
an exist above Clan(t; v; k): Hen
e we de�ne:De�nition 6.1 A 
lan Clan(t; v; k) is 
alled an
estor 
lan if neither red�1 nor der�1 nor res�1 
anbe applied to the parameter set t-(v; k;��(t; v; k)):27



In parti
ular, an
estor 
lans are always full and never trivial. An
estor 
lans are easy to obtain:Proposition 6.2 If An
estor�t-(v; k; �)� = t0-(v0; k0; �0) for some admissible in
omplete parameterset t-(v; k; �) then Clan(t0; v0; k0) is an
estor 
lan.Proof: Assume the 
ontrary. Then there are nonnegative integers h; i and j; not all zero, su
h thatred�h der�i res�j t0-(v0; k0;��0) is de�ned, where ��0 := ��(t0; v0; k0): Hen
e with �0 = m ���0;red�h der�i res�j t0-(v0; k0;m��0) = m � red�h der�i res�j t0-(v0; k0;��0)is admissible 
ontrary to the assumption that t0-(v0; k0; �0) is an
estor parameter set. 2We already have proved most of the following Lemma:Lemma 6.3 Let t � k � v be integers. The following are equivalent:(i) Clan(t; v; k) is an
estor 
lan.(ii) The parameter set t-(v; k;��(t; v; k)) is an
estor parameter set.(iii) Clan(t; v; k) 
ontains an an
estor parameter set.(iv) For every relation Clan(t; v; k) (h;i;j)�
 Clan(t0; v0; k0) with h + i + j > 0; or equivalentlyClan(t0; v0; k0) 6= Clan(t; v; k); the number 
 is di�erent from 1.Putting � := ��(t; v; k) in Proposition 6.2 we obtain:Corollary 6.4 Every non trivial 
lan is 
ontained in an unique an
estor 
lan with asso
iatedsub
lan generator 1.As the set of an
estor 
lans is a subset of the set of all 
lans, it still forms a poset with respe
tto the ordering of De�nition 4.4. The next property 
ould be 
alled \fa
torization property":Proposition 6.5 Assume Clan(t; v; k) �
1 Clan(t1; v1; k1) and Clan(t; v; k) �
2 Clan(t2; v2; k2)where Clan(t2; v2; k2) is an
estor 
lan. If 
1 divides 
2 then Clan(t1; v1; k1) �
2=
1 Clan(t2; v2; k2):Proof: Write 
2 = 
 � 
1: The assumptions implyt-(v; k; 
1 ���(t; v; k)) � t1-(v1; k1;��(t1; v1; k1)); (31)An
estor�t-(v; k; 
2 ���(t; v; k))� = t2-(v2; k2;��(t2; v2; k2)): (32)28



\Multiplying" (31) by 
; we get t-(v; k; 
2 ���(t; v; k)) � t1-(v1; k1; 
���(t1; v1; k1)): But the an
estoris the largest admissible parameter set above a given one, 
ontaining all other with that property,hen
e together with (32) this impliest1-(v1; k1; 
 ���(t1; v1; k1)) � t2-(v2; k2;��(t2; v2; k2)):Thus Clan(t1; v1; k1) �
2=
1 Clan(t2; v2; k2): 2The assumption that Clan(t2; v2; k2) is an
estor 
lan is ne
essary as the following 
oun-terexample shows: Clan(5; 24; 8) �3 Clan(13; 32; 16) and Clan(5; 24; 8) �57 Clan(7; 24; 8); butClan(13; 32; 16) 6� Clan(7; 24; 8):For an
estor 
lans, the asso
iated sub
lan generator determines the su

essor. The point is thatwe do not need the path information as in Proposition 4.6 (iii).Proposition 6.6 If Clan(t; v; k) �
 C1 for 
 6= �max(t;v;k)��(t;v;k) and some an
estor 
lan C1; then C1 isuniquely determined by 
:Proof: Assume Clan(t; v; k) (h1;i1;j1)�
 C1 and Clan(t; v; k) (h2;i2;j2)�
 C2:for another an
estor 
lan C2: Then by Proposition 4.9,Clan(t; v; k) (max(h1;h2);max(i1;i2);max(j1;j2))�
 C3for some 
lan C3: Hen
eClan(t; v; k) (h1;i1;j1)�
 C1 (max(h1;h2)�h1;max(i1;i2)�i1;max(j1;j2)�j1)�1 C3:But C1 is an
estor 
lan. Thus Lemma 6.3, (iii), implies C3 = C1: Starting with ex
hanged roles ofC1 and C2; we get C2 = C3 = C1: In other words, the 
lan C1 is uniquely determined by 
: 2We 
on
ludeProposition 6.7 The poset of an
estor 
lans above a given 
lan is �nite.Proof: Consider an arbitrary 
lan Clan(t; v; k): If Clan(t; v; k) is trivial, no an
estor 
lan lies above.Hen
e assume Clan(t; v; k) is non-trivial. By Corollary 6.4, there is an an
estor 
lan Clan(t1; v1; k1)with Clan(t; v; k) �1 Clan(t1; v1; k1): By the fa
torization property (Proposition 6.5), all an
estor
lans above Clan(t; v; k) also lie above Clan(t1; v1; k1): Every an
estor 
lan Clan(ti; vi; ki) aboveClan(t1; v1; k1) satis�es Clan(t1; v1; k1) �
i Clan(ti; vi; ki) for some 
i j �max(t1;v1;k1)��(t1;v1;k1) = �max(t;v;k)��(t;v;k) :Sin
e an
estor 
lans are never trivial, 
i < �max(t1;v1;k1)��(t1;v1;k1) for all i: By Proposition 6.6, the sub
langenerator 
i determines the an
estor 
lan Clan(ti; vi; ki) uniquely. As there are only �nitely manypossibilities for 
i; the statement is proved. 229



We are able to state the main result about an
estor parameter sets:Theorem 6.8 (Klassi�kationssatz) The an
estors of in
omplete parameter sets of Clan(t; v; k)lie in an
estor 
lans above that 
lan. Hen
e we 
an 
lassify the set of admissible in
omplete t-design parameter sets by the 
lans 
ontaining their an
estors. More pre
isely, that 
lassi�
ationestablishes a surje
tive mapping from the set of admissible in
omplete t-design parameter sets tothe set of an
estor 
lans:Given an admissible in
omplete t-(v; k; �); there is a largest natural number 
 dividing ���(t;v;k)su
h that Clan(t; v; k) �
 Clan(t0; v0; k0) for some an
estor 
lan Clan(t0; v0; k0): ThenAn
estor�t-(v; k; �)� 2 Clan(t0; v0; k0);hen
e t-(v; k; �) is mapped onto Clan(t0; v0; k0):Conversely, a given an
estor 
lan Clan(t0; v0; k0) is the 
lan of the an
estors of exa
tly thein
omplete design parameter sets 
ontained in families Fm(t0; v0; k0) where m is not divisible by any
 > 1 su
h that Clan(t0; v0; k0) �
 Clan(t00; v00; k00):Proof: We �rst 
he
k that the mapping des
ribed in the theorem is well de�ned and really maps ontothe 
lan of the an
estor. Firstly, by Corollary 6.4, the divisor 
 = 1 of ���(t;v;k) is always possible,as there always is an an
estor 
lan Clan(t0; v0; k0) with Clan(t; v; k) �1 Clan(t0; v0; k0) (for this, notethat Clan(t; v; k) is non trivial as it 
ontains an in
omplete parameter set). In addition, by Proposi-tion 6.6 that an
estor 
lan is uniquely determined. Last but not least, Proposition 4.9 implies thatthe largest 
 (in the sense of divisibility) really is unique. If Clan(t; v; k) �
1 Clan(t1; v1; k1) andClan(t; v; k) �
2 Clan(t2; v2; k2) for di�erent divisors 
1 and 
2 and an
estor 
lans Clan(ti; vi; ki); i 2f1; 2g then there is another an
estor 
lan Clan(t3; v3; k3) with Clan(t; v; k) �l
m(
1;
2) Clan(t3; v3; k3):(For this, note that l
m(
1; 
2) 6= �max(t;v;k)��(t;v;k) as � < �max(t; v; k) by assumption.)In the other dire
tion, we des
ribe the set of parameter sets whi
h are mapped onto a givenan
estor 
lan Clan(t0; v0; k0): Note that Clan(t0; v0; k0) �
 Clan(t00; v00; k00) implies thatt0-(v0; k0;m ���(t0; v0; k0)) � t00-(v00; k00; m
 ���(t00; v00; k00));for all m � �max(t0;v0;k0)��(t0 ;v0;k0) divisible by 
: Hen
e the parameter sets in Fm(t0; v0; k0) for su
h m havelarger an
estors. 2A few remarks are in order. The importan
e of Se
tion 4 is that it gives a systemati
 way to
ompute all 
lans in
luding an
estor 
lans above a given 
lan. For a given t; v and k; one 
omputesvia Proposition 4.2 the sub
lan generators 
Dt;v;k for ea
h of the operationsD 2 fred�1;der�1; res�1g;if de�ned. As long as that number is not �max�� ; one repeats the pro
ess after repla
ing t; v and30



k by t0; v0 and k0 where D�t-(v; k; 
��)� = t0-(v0; k0;��0): The an
estor 
lans resulting from that
omputation are stored. Theorem 6.8 allows to 
lassify admissible parameter sets by mappingthem to the appropriate an
estor 
lan. In pra
ti
e, it turns out that the number of an
estor 
lansis reasonably small.Let us get ba
k to the an
estors of the parameter sets 5-(24; 8; �) dis
ussed previously in Ex-ample 3.1:Example 6.9 The relationships between an
estor 
lans above Clan(5; 24; 8) are the following. Notethat Clan(5; 24; 8) itself is an
estor 
lan.Clan(5; 24; 8) (0;8;0)�3 Clan(13; 32; 16) (0;2;2)�17 Clan(17; 36; 18);Clan(5; 24; 8) (0;0;1)�17 Clan(6; 25; 8) (1;0;0)�19 Clan(7; 25; 8);Clan(5; 24; 8) (1;0;0)�19 Clan(6; 24; 8) (1;8;0)�3 Clan(15; 32; 16):It is time to draw a pi
ture, thereby dis
overing more relations between these an
estor 
lans (
f.Fig. 6). 3

5-(24; 8;m � 1)m�3�17�19
13-(32; 16; m3 � 3)m3 �17�19 6-(25; 8; m17 � 3)m17�3�19 6-(24; 8; m19 � 3)m19�3�17
17-(36; 18; m3�17 � 1) m3�17�19 15-(32; 16; m3�19 � 1) m3�19�17 7-(25; 8; m17�19 � 6) m17�19�3

der�83jm res�117jm red�119jm
der�2res�217jm3 red�219jm3der�10res�13j m17 red�119j m17red�1der�83j m19 res�117j m19

Figure 6: The an
estor 
lans above Clan(5; 24; 8)7 An
estor 
lans of t-designs with large tLet us get ba
k to the main goal of this paper, whi
h is the 
lassi�
ation of known t-designs witht � 5: We are referring to a list of around 7000 parameter sets of su
h designs, ea
h of whi
h hasbeen 
onstru
ted expli
itly (at the time of writing this arti
le, whi
h is Spring 2001). Most of31



these designs have been 
onstru
ted by resear
hers in Bayreuth, Germany (we refer to [2℄), butthe list in
ludes also designs 
onstru
ted elsewhere. In Table 2, we present the an
estor 
lans ofthese t-designs. The an
estor 
lans are denoted in the form t-(v; k;m ���(t; v; k)) where m variesbetween 1 and �max(t; v; k)=��(t; v; k); as indi
ated in the subs
ript. We 
annot show detailedinformation about the families, ex
ept that we indi
ate the number of realizable families and thenumber of realizable parameter sets for ea
h 
lan (a family is realizable if it 
ontains is at least onerealizable parameter set). Interestingly, we 
an 
lassify the parameter sets by 80 an
estor 
lans.8 A
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lassify these of 
ourse triggered this whole investigation.Referen
es[1℄ W. O. Alltop. Extending t-designs. J. Combinatorial Theory Ser. A, 18:177{186, 1975.[2℄ Anton Betten, Adalbert Kerber, Reinhard Laue, and Alfred Wassermann. Simple 8-designswith small parameters. Designs, Codes, Cryptography, 15:5{27, 1998.[3℄ P. J. Cameron. Extending symmetri
 designs. J. Combinatorial Theory (A), 14:215{220, 1973.[4℄ Peter Dembowski. Finite geometries. Classi
s in Mathemati
s. Springer-Verlag, Berlin, 1997.Reprint of the 1968 original.[5℄ Egmont K�ohler. Allgemeine S
hnittzahlen in t-designs. In Pro
eedings of the Oberwolfa
hMeeting \Kombinatorik" (1986), volume 73, pages 133{142, 1988/89.[6℄ Dijen K. Ray-Chaudhuri and Ri
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an
estor 
lan # f. # d.5-(12; 6;m � 1)m�7 2 25-(16; 8;m � 5)m�33 1 15-(19; 6;m � 2)m�7 2 25-(24; 8;m � 1)m�969 284 2845-(24; 12;m � 6)m�8398 2921 29215-(28; 10;m � 7)m�4807 10 105-(30; 7;m � 30)m�10 1 15-(32; 8;m � 5)m�585 17 175-(33; 6;m � 4)m�7 3 35-(54; 6;m � 1)m�49 1 16-(14; 7;m � 4)m�2 1 46-(22; 7;m � 4)m�4 1 16-(24; 8;m � 3)m�51 16 166-(25; 8;m � 3)m�57 18 546-(28; 10;m � 35)m�209 31 1246-(30; 7;m � 12)m�2 1 46-(33; 8;m � 3)m�117 7 76-(38; 7;m � 4)m�8 1 16-(40; 10;m � 2)m�23188 9 367-(16; 8;m � 3)m�3 1 57-(20; 10;m � 2)m�143 56 2767-(24; 12;m � 14)m�442 170 6777-(25; 8;m � 6)m�3 1 47-(32; 16;m � 55)m�37145 1 17-(34; 8;m � 3)m�9 2 37-(40; 10;m � 4)m�1364 8 807-(41; 10;m � 8)m�748 8 32
an
estor 
lan # f. # d.8-(24; 12;m � 70)m�26 4 358-(31; 10;m � 1)m�253 109 5558-(34; 12;m � 10)m�1495 4 168-(37; 12;m � 21)m�1131 32 3208-(42; 10;m � 3)m�187 3 128-(52; 10;m � 2)m�473 2 29-(20; 10;m � 1)m�11 5 379-(31; 10;m � 2)m�11 5 529-(32; 16;m � 33)m�7429 1 19-(36; 12;m � 15)m�195 25 2119-(42; 10;m � 3)m�11 2 29-(50; 12;m � 20)m�533 11 1110-(36; 12;m � 5)m�65 13 16710-(37; 12;m � 9)m�39 7 7111-(24; 12;m � 1)m�13 6 12311-(30; 15;m � 6)m�646 152 121011-(36; 18;m � 220)m�2185 1 111-(37; 12;m � 2)m�13 4 8111-(45; 15;m � 22)m�2108 2 812-(46; 16;m � 44)m�1054 1 413-(30; 15;m � 4)m�34 8 19113-(32; 16;m � 3)m�323 144 290213-(45; 15;m � 4)m�124 3 3014-(30; 15;m � 8)m�2 1 5515-(32; 16;m � 1)m�17 8 41815-(49; 16;m � 2)m�17 1 116-(74; 18;m � 3)m�551 1 1
an
estor 
lan # f. # d.17-(36; 18;m � 1)m�19 9 33019-(44; 22;m � 20)m�115 4 1321-(44; 22;m � 1)m�23 11 9021-(48; 24;m � 195)m�15 2 2021-(96; 24;m � 5)m�13505 3 1223-(48; 24;m � 5)m�5 1 1423-(52; 26;m � 42)m�87 3 2425-(52; 26;m � 9)m�3 1 125-(56; 28;m � 5)m�899 3 1226-(85; 28;m � 1)m�1711 15 1527-(56; 28;m � 1)m�29 6 1128-(60; 30;m � 8)m�62 2 2029-(60; 30;m � 1)m�31 14 3630-(62; 31;m � 16)m�2 1 935-(72; 36;m � 1)m�37 2 239-(80; 40;m � 1)m�41 1 141-(84; 42;m � 1)m�43 13 1545-(92; 46;m � 1)m�47 1 157-(116; 58;m � 1)m�59 2 259-(120; 60;m � 1)m�61 2 265-(132; 66;m � 1)m�67 1 177-(156; 78;m � 1)m�79 1 1101-(204; 102;m � 1)m�103 1 1125-(252; 126;m � 1)m�127 1 1161-(324; 162;m � 1)m�163 1 1237-(476; 238;m � 1)m�239 2 2Table 2: An
estor 
lans of existing t-designs with t � 5 (# f. = # families, # d. = # design parameter sets)
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