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Algebraic background
Buildings
Buildings of type F4

Outline

m Algebraic background: which techniques do we need? (Philippe
Delsarte)
m Buildings: what are these structures? (Jacques Tits)

m Buildings of type F4: some results!
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Definition of association scheme
A d-class association scheme is a pair (2, { Ry, . .., Rq}) with Q a set
and Ry, ..., Ry symmetric relations on Q s.t.:
() Rp = identity relation,
(i) {Ro,..., Ry} is a partition of Q x Q,
(iii) there are intersection numbers p,fj‘- :
if (x,y) € Rk, the number of elements z in Q for which (x, z) € R;
and (z,y) € Ryis pj.

Rk
X—Y

N

z

Every relation R; is thus regular, with valency k; = pﬁ.
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Example: the Paley scheme Ps = (2, {Ro, Ry, R2})

mQ=F;=1{0,1,2,3,4}.
m We define 3 relations Ry, Ry, Ro:
m Ry is the identity relation: e.g. (2,2) € Ry,
m (ab) e Ryifa—bis1or4 (and hence square): e.g. (2,3) € Ry,
m (a,b) € Ryif a— bis 2 or 3 (and hence non-square): e.g.
(1,4) € Ro.

Intersection number pl, is 1:

R R
1l———2 4—0
NN
z? z?
Zcanonly be 0 Z can only be 3
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Definition of matrices A;
Consider an association scheme (22, {Ry, ..., Ry}) and order the
elements of Q: wy, ..., wq-

For each relation R;, define the (|Q2] x |Q

{ (Ai)fS = 1if ((JJr,wS) S FI,,',
(Ai)rs = 0 if ((Ur,u)s) ¢ RI

)-matrix A; over R:

Properties

m Ay is the identity matrix.

m Ay + ...+ Ay is all-one matrix.
m A, is symmetric.

mAA = p,’-j‘.Ak.
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Example: Paley scheme Ps = ({0,1,2,3,4},{Ro, Ry, R2})

01 2 3 4

1 0 0 0 0\O

0 1 0 0 O]}t

Ao = 0 01 0 012

0 001 0]3

0 00 0 1/4
01 2 3 4 01 2 3 4
0 1 0 0 1\O 0 01 1 0\O
1 01 0 0]1 0 00 1 1]1
A= 01 01 0]2,A= 1 0 0 0 1]2
0 01 0 13 11 0 0 0|3
1 0 01 0/4 0110 0/4

Note that Ap, A; and A, are symmetric and add up to the all-one matrix!
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Decomposition into strata for scheme (Q, {Ry, ..., Rq})

RQ is the vector space with basis indexed by elements of (.
RQ uniquely decomposes as:

RQO= VoL VyL... L Vy,

with every v € V; an eigenvector of every relation R;: Ajv = \;v.
These V; are the strata, and by convention Vg = (xq)-

Matrix of eigenvalues P

Ry Ri ... Ry

Vol 1 Xot ... Aod

P= Vi 1 " "0 A\g
: 1 - .o

Vg| 1 Agt ... Add
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Counting algebraically
The characteristic vector ys of S C Q has :
(xs)i=1ifwje Sand (xg)i=0ifw; ¢ S. So xs=(0,1,0,1,1,...).

Forany S,S' C Q: (xs,xs) =(1,1,...,1)(0,1,...,0) = |SN F|.
Design-orthogonality of subsets S and S’
FRQ=V, L Vs L... 1 Vyand:

_ 18] v

_ 18] ey

Yg = |Q’X9+y/+v2+ VGV eV,
with Vi e {1,...,d}: v =0or v/ = 0 then
_ 1Sl

SIS

/o _
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Which components v; of xg are zero?

The inner distribution a of S C Q: a; = H@](S x S)N Rj|.

So a; is average valency of R;in S,andap = 1,ap+ ...+ a4 =|S|.
Example: Paley scheme (2, { Ry, Ri, R2}), and S = {0, 1,3}.

a=§((11. 10+ (11,11 +(1,0.2)5) = (1.3.9)
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Which components v; of xg are zero?

RO= VoL VyL...1 Vy

For any (non-empty) subset S C Q, inner distribution a satisfies:
(aP™); >0,

with equality if and only if v; = 0 (or hence xs € (V;)™1).
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The Johnson scheme J(n, k) in a set X of size n

m Q:the (}) = % k-subsets in X,

| (W1,WQ)€R,'<:> |LU1 ﬂ(,UQ|:k—/.

The Grassmann scheme Jg(n, k) in V(n, q)

n__ n—1_ n—k+1__ .
m Q:the [{], = (g (ql)_(f)(qkj)_“{()f’“(q;) ') k-subspaces in V(n, g),

B (wy,w2) € Rj < dim(wy Nwo) = k —I.
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Delsarte’s characterization in J(n, k) and Jy(n, k)

m In both schemes: RQ =V L V4 L ... L Vywith
d = min(k, n — k) (with “natural ordering”).
mIndJd(n k): SCQist—(n, k,\)-design
(i.e. every t-subset in X is in A elements of S)
= xseWLILW L. LWL Vi L. 1LV,
m InJg(n,k): SCQist—(nk,\; g)-design
(i.e. every t-space in V(n, q) is in X\ elements of S)
= xseWLW L. LW1I Vil 1V,

Where else do we have these characterizations in schemes and their
g-analogues?
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Buildings of rank n are certain incidence structures with n types (Tits).
Each finite building has a Coxeter-Dynkin diagram, for instance:

ai (3) Q2 (3) as Qn-2 (3) Qn—1 (4) Qn

O O O O O O

m Each node corresponds with a type (points, lines,planes,...).
mIfxq,...,X_1,X41...,xp0f types 1,...,i—1,i+1,... ., nare
incident,
they are incident with g; + 1 common objects of type i.

m The thin building with (g4, ...,qn) = (1,...,1) is constructed from
“Coxeter group" itself,
thick building is more complicated but similar.
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Coxeter group W and its thin building

O (mz=3)  (mMg=4) O
/ /
Wy Wo Wa Wy

(M4 = 3)

m W is generated by involutions w;, with (w;w;)" = e
(we draw no line if m; = 2 <= w;w; = w;jw;),
m maximal parabolic subgroup P; := ({wy, ..., wa}\{w;}),
m objects of type i: cosets wP;,
m aP; and bP; are incident iff aP; N bP; # 0,
m (aP;, bP;) and (& P;, b' P;) in same relation iff
P,-a—1 bF’j = :D,'El,_1 b/Pj
(if i = J, this is an association scheme in SOME cases!)
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a1 Q a3 Qn-2 qn-1 an
(3) (3) (3) (3)
O O O O O O

A, = symmetric group of size (n+ 1)! on n+ 1 elements.

Thin buildings of type Ap, with g1 = ... = g, = 1 — Johnson scheme!
m objects of type i: the (") subsets of size i,

B 2 objects of type i are k-related iff size intersection is i — k.

Thick buildings of type A, with g1 = ... = g, = g — Grassmann
scheme!

m objects of type i: the [”J,”] i-spaces of V(n+1,q),
q

m two objects of type i are k-related iff dim intersection is i — k.
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ai Qo a3 Qn-2 an—1 an
(3) (3) (3) (4)
O O O O O O

n = hyperoctahedral group of size 2"n!

Thin building, with gy = ... = g, = 1->coding theory!

m type n: 2" binary codewords of length n,
m 2 objects of type n are k-related iff they are equal in n— k

positions.
Thick building, with g1 = ... = g,_1 = q, gn = q°®->polar spaces!

m type n: (g° +1)...(g" '+ + 1) maximals of rank n polar space,
B 2 maximals are k-related iff dim intersection is n — k.
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What about other finite Coxeter groups?
00 in,o o—0O

O0—0L10—0

Fy
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o S I I OB

_/ /
points lines planes symplecta

Thin building of type F4

m [Fy| =1152 =27.32
m 24 points, 96 lines and planes, 24 symplecta.

m Points: all 24 vectors in R* of form (+1,+1,0,0) up to
permutation.

m Relations between points: Ry, Ry, R, R3, R4 correspond with inner
products 2,1,0, —1, —2 (24-cell).
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Thick building of type F4

m (s.1)=(q,1).(1,9),(q,9),(a.¢%) or (¢°,9),
m number of points: |Q| = (8% + s + 1)(s%t + 1)(s%12 + 1)(s33 + 1),
m association scheme on points:
Ro: identity,
Ry: on unique common line (collinear),
R>: in unique common symplecton (cohyperlinear),
Rs: unigue common neighbour wrt collinearity (almost opposite),
R4: no common neighbour (opposite).
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Matrix of eigenvalues P of association scheme on points (Gomi):
RQ decomposes into strata: Vo L V4 1L Vo 1 Vg L V4.

| Ao Ry

R R

Vo | 1 s(s+1)(st+1)(512+1) t(l2+t+1) (st2 1) sst3(5+1)(sti1)(st2+1) 39?6
Vi | 1 (s+1)(st+1)(st+s—1) (t2+t+1)( -1) St(s+1)(st+1)(st—t—1) —s3
Vo | 1 (71+52)(st+1) (s3t 2R Pt stfs+t) —(s—1)(s+N)(st+ 1)t R
Vs | 1 —1 —st— s+ & st—s) (P+t+1 st(?@ -2 +st+s) -8
v, | 1 —(st+1)(st? + 1) st(12+t+1) (st2+1) —(st+1)(st2+1)st3 1653
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The set of points S inside an object

m points in plane interact as in projective plane (so all collinear):
inner distribution of S: a = (1,s% + 5,0,0,0),
aP‘1 = (7,7,?,7,0) — XS € Vo 1 V1 1 Vg 1 V3 J.%.

m points in symplecton interact as in rank 3 polar space
(collinear or cohyperlinear):
inner distribution of S: a = (1,s(s + 1)(st + 1), s*t,0,0).
aP'=(7,2,2,0,0)=xse VL Vi L Vo L V51 W.
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Notion of design T in F4-building

m Set of points Sinanyplane: xs e Vo L V4 L Vo L V3 L V4,
SOifXTE VoJ_S/V/J_/V/J_ 3J_V4
= |SNT|= K')‘T 1S|/((s%t + 1)(s%12 + 1) (33 + 1)).

m Set of points Sin any symplecton: xygs € Vo L V4 L Vs L/VéL/V{,

Soif x7 € VoJ_S/WJ_)//J_V3_LV4
— 1SN T| = S = [S1/((822 + 1)(s*F + 1)),
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Cliques of the oppositeness-relation Ry

If Sis a set of mutually opposite points (hence not collinear with a
common point):

a=(1,0,0,0,[S|—1).
RQ=Vy L VL Vol V31 V4, matrix of eigenvalues P:

| Ro R R, R,

Ry
Vo | 1 s(s+1)(st+1)(512+1) s4t(t2+t+1) (st2+1) ssri‘(sﬂ)(srin(st?m) o
Vi | 1 (st 1)(st+1)(st+s—1) $ (t2+t+1) (52171) St(s+1)(st+1)(st—t—1) —s53
Vo | 1 (71+32) (st+1) (53t75212732175t75+t)s —(s—1)(s+1)(st+1)s%t 52
V3 1 —1—st—sP+¢ s(t—s) Pt+1 st (PP — P +st+s -
vy | —(st+1)(st? + 1) st(z‘2+t+1) (st2+1) —(st+1)(st2+1)513 1653

m (aP~1); > 0 with equality iff xs € (V})*.
m / = 1 yields best bound: |S| < 3t + 1, with equality iff
Xs € VoJ_)/1/J_ Vo L V3 L V.
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Embedding of one F4-building in another

So® A @ A @ Ct)
/ %
points lines planes symplecta

Embed points T of F4-building with parameters (s', t') in this building:
(inner distribution a of T consists just of valencies in smallest building)
mif (s, t)=1(qg,1),(s,t) =(q,q), then
XTEVOL Vi LV L V51 W,
m if (¢,¢) = (q,9), (s, 1) = (q,0%), then
xtTeVoLl Vi LVs 1L W51 W,
m if (¢,¢) = (q,9), (s, 1) = (¢%, q), then
xteVol Vi LV 1 Vs LV,
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An immediate consequence of the previous for (s, t) = (g, §°)!

2 2
5 ® 2 @ I @ g)
N N
points lines planes symplecta

m S:setof 1+ 833 = 1 4 g° mutually opposite points
:>X36VOJ_/V1/J_ Vo L V3 L Vg,
m T: point set of embedded F4-building with (s', ') = (g, q):
= xreVLl Vi LWLV W
_ IS|IT]

Design-orthogonality yields:|S N T| = (xs, x7) = g1 = Q> +1.
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Thank you for your attention!
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