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Introduction

Observation

Polynomials P(X1) # 0 of degree deg(P) < di have

fewer than di zeros.
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Introduction

Observation

Polynomials P(X1) # 0 of degree deg(P) < di have

fewer than dy zeros.

Polynomials P(X;) of degree deg(P) < di have

—on di+ 1 given points — not exactly one nonzero.

Polynomials P(Xi,...,X,) of total degree deg(P) < di + ---+ d, have
—on grids X = X1 x---x X, of (di+1) x---x (d,+ 1) points —
not exactly one nonzero.
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Introduction

Observation

Polynomials P(X1) # 0 of degree deg(P) < di have

fewer than dy zeros.

Polynomials P(X;) of degree deg(P) < di have

—on di+ 1 given points — not exactly one nonzero.

Polynomials P(Xi,...,X,) of total degree deg(P) < d; + ---+ d, have
—on grids X = X1 x---x X, of (di+1) x---x (d,+ 1) points —
not exactly one nonzero.

v

Definition

Assume d = (di,...,d,) € N” and let R be an integral domain.

v
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Observation

Polynomials P(X1) # 0 of degree deg(P) < di have
fewer than dy zeros.

Polynomials P(X;) of degree deg(P) < di have

—on di+ 1 given points — not exactly one nonzero.

Polynomials P(Xi,...,X,) of total degree deg(P) < di + ---+ d, have

—on grids X = X1 x---x X, of (di+1) x---x (d,+ 1) points —
not exactly one nonzero.

v

Definition
Assume d = (di,...,d,) € N” and let R be an integral domain.
A d-grid X CR" isagrid X1 x---x X, ofsize (di+ 1) x---x (dy+1).
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Observation

Polynomials P(X1) # 0 of degree deg(P) < di have
fewer than dy zeros.

Polynomials P(X;) of degree deg(P) < di have

—on di+ 1 given points — not exactly one nonzero.

Polynomials P(Xi,...,X,) of total degree deg(P) < di + ---+ d, have

—on grids X = X1 x---x X, of (di+1) x---x (d,+ 1) points —
not exactly one nonzero.

v

Definition

Assume d = (di,...,d,) € N” and let R be an integral domain.

A d-grid X CR" isagrid X1 x---x X, ofsize (di+ 1) x---x (dy+1).
(always connected: X «—d )

v
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Observation

Polynomials P(X1) # 0 of degree deg(P) < di have
fewer than dy zeros.

Polynomials P(X;) of degree deg(P) < di have

—on di+ 1 given points — not exactly one nonzero.

Polynomials P(Xi,...,X,) of total degree deg(P) < di + ---+ d, have

—on grids X = X1 x---x X, of (di+1) x---x (d,+ 1) points —
not exactly one nonzero.

v

Definition

Assume d = (di,...,d,) € N” and let R be an integral domain.

A d-grid X CR" isagrid X1 x---x X, ofsize (di+ 1) x---x (dy+1).
X :={0,1}" is the Boolean grid. (always connected: X «—d )

v
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Algebraic Solutions (One Example)

Corollary ( #1-Theorem)

If deg(P) < Xd, then

[{xeX | P(x)#0}| # 1
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Algebraic Solutions (One Example)

Corollary ( #1-Theorem)

If deg(P) < Sd, then

[{xeX | P(x)#0}| # 1

Corollary (Generalized Chevalley-Warning-Theorem)

Let R :=F, and Pi,...,Ppn € R[X1,...,Xp].

Dr. Uwe Schauz (KFUPM) Describing Polynomials



Algebraic Solutions (One Example)

Corollary ( #1-Theorem)

If deg(P) < Sd, then

[{xeX | P(x)#0}| # 1

Corollary (Generalized Chevalley-Warning-Theorem)

Let R :=F, and Pi,...,Ppn € R[X1,...,Xp].
If (g —1) > ;deg(P;) < Xd, then

|{x€3€ L Pi(x)="---= m(x):O}| %+ 1

Dr. Uwe Schauz (KFUPM) Describing Polynomials



Algebraic Solutions (One Example)

Corollary ( #1-Theorem)

If deg(P) < Sd, then

[{xeX | P(x)#0}| # 1

Corollary (Generalized Chevalley-Warning-Theorem)

Let R :=F, and Pi,...,Ppn € R[X1,...,Xp].
If (g —1) > ;deg(P;) < Xd, then

|{x€3€ L Pi(x)="---= m(x):O}| %+ 1

Proof.
Define P := []™,(1— P9 ") and apply the #1-Theorem.
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Algebraic Solutions (One Example)

Theorem (Alon, Friedland, Kalai)

Every loopless 4-regular multigraph plus one edge G = (V,E W{ey})
contains a nontrivial 3-regular subgraph.
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Algebraic Solutions (One Example)

Theorem (Alon, Friedland, Kalai) ~
extended 4-regular graph E

- m—N—
Every loopless 4-regular multigraph plus one edge G = (V, E W {ey})
contains a nontrivial 3-regular subgraph.

A 4-regular graph without 3-regular subgraph
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Algebraic Solutions (One Example)

Theorem (Alon, Friedland, Kalai) ~
extended 4-regular graph E

- m—N—
Every loopless 4-regular multigraph plus one edge G = (V, E W {ey})
contains a nontrivial 3-regular subgraph.

Extended graph
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Algebraic Solutions (One Example)

Theorem (Alon, Friedland, Kalai) ~
extended 4-regular graph E

- m—N—
Every loopless 4-regular multigraph plus one edge G = (V, E W {ey})
contains a nontrivial 3-regular subgraph.

3-regular subgraph
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Algebraic Solutions (One Example) S

Theorem (Alon, Friedland, Kalai)
extended 4-regular graph

—_—
Every loopless 4-regular multigraph plus one edge G = (V, E W {ep})

contains a nontrivial 3-regular subgraph.

E

[
e

Brikman graph
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Algebraic Solutions (One Example)

Theorem (Alon, Friedland, Kalai) ~
extended 4-regular graph E

- m—N—
Every loopless 4-regular multigraph plus one edge G = (V, E W {ey})
contains a nontrivial 3-regular subgraph.

Subgraph
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Algebraic Solutions (One Example) BISETLI

Theorem (Alon, Friedland, Kalai)

extended 4-regular graph E

- ——
Every loopless 4-regular multigraph plus one edge G = (V, E W {ep})
contains a nontrivial 3-regular subgraph.

An other 4-regular graph
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Algebraic Solutions (One Example)

Theorem (Alon, Friedland, Kalai) ~
extended 4-regular graph E

- m—N—
Every loopless 4-regular multigraph plus one edge G = (V, E W {ey})
contains a nontrivial 3-regular subgraph.

I am sure there is one!

Dr. Uwe Schauz (KFUPM) Describing Polynomials



Algebraic Solutions (One Example)

Theorem (Alon, Friedland, Kalai) ~
extended 4-regular graph E

- m—N—
Every loopless 4-regular multigraph plus one edge G = (V, E W {ep})
contains a nontrivial 3-regular subgraph.

Proof.

The subgraphs S C E correspond to the points x = (Xe)ecg of the
Boolean grid X := {0,1}F C FE. ( E—{1,..n} )

V — {1,....m}
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Algebraic Solutions (One Example) S

Theorem (Alon, Friedland, Kalai) ~
extended 4-regular graph E

- ——
Every loopless 4-regular multigraph plus one edge G = (V, E W {ep})
contains a nontrivial 3-regular subgraph.

Proof.

The subgraphs S C E correspond to the points x = (Xe)ecg of the
Boolean grid X := {0,1}F C FE. ( E—{1,..n} )
V — {1,....m
Algebraic Solution: ¢ '

P, =Y X. € F3[Xe|ecE] forall veV.

esv
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Algebraic Solutions (One Example) S

Theorem (Alon, Friedland, Kalai) ~
extended 4-regular graph E

- ——
Every loopless 4-regular multigraph plus one edge G = (V, E W {ep})
contains a nontrivial 3-regular subgraph.

Proof.

The subgraphs S C E correspond to the points x = (Xe)ecg of the

Boolean grid X := {0,1}F C FE. E—{1,..n}
( V — {1,....m}

Algebraic Solution:

P, =Y X. € F3[Xe|ecE] forall veV.

esv

Degree Restriction: (3 —1))" deg(P,) = 2|V| = |E| < |E'| =Yd.

)

v
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Algebraic Solutions (One Example) S

Theorem (Alon, Friedland, Kalai) ~
extended 4-regular graph E

- ——
Every loopless 4-regular multigraph plus one edge G = (V, E W {ep})
contains a nontrivial 3-regular subgraph.

Proof.

The subgraphs S C E correspond to the points x = (Xe)ecg of the

Boolean grid X := {0,1}F C FE. E—{1,..n}
( V — {1,....m}

Algebraic Solution:

P, =Y X. € F3[Xe|ecE] forall veV.

esv

Degree Restriction: (3 —1))" deg(P,) = 2|V| = |E| < |E'| =Yd.

)

not exactly one solution .. .
.. . at least one nontrivial solution!
exactly one trivial solution 0
v
Thurnau, April 14, 2010 5 / 16



Algebraic Solutions (One Example)

Advantages / Disadvantages of Algebraic Solutions

© Indirect proof, we do not obtain explicit solutions.
(Just exponential time algorithms.)
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Advantages / Disadvantages of Algebraic Solutions

© Indirect proof, we do not obtain explicit solutions.
(Just exponential time algorithms.)

© Sometimes, easy to find.
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VAV TSRS AT EN (O N ST VM Advantages/Disadvantages

Advantages / Disadvantages of Algebraic Solutions

© Indirect proof, we do not obtain explicit solutions.
(Just exponential time algorithms.)
© Sometimes, easy to find.
© Sometimes, infinitely many algebraic solutions fit into a general form

and can be presented in just one line.
(— “Finite Blackboard Problem™)
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VAV TSRS AT EN (O N ST VM Advantages/Disadvantages

Advantages / Disadvantages of Algebraic Solutions

© Indirect proof, we do not obtain explicit solutions.
(Just exponential time algorithms.)
© Sometimes, easy to find.
© Sometimes, infinitely many algebraic solutions fit into a general form
and can be presented in just one line.
(— “Finite Blackboard Problem™)
© Only the primes occur as characteristic of finite fields.
(— Olson’s Theorem; Alon, Friedland, Kalai's Conjecture. (Appendix))J

Dr. Uwe Schauz (KFUPM) Describing Polynomials Thurnau, April 14, 2010 6 /16



The Coefficient Formula

Theorem (Coefficient Formula)
Let X CR" bea d-grid.
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The Coefficient Formula

Theorem (Coefficient Formula)
Let X CR" bea d-grid.

For polynomials P =3 s x» PsX® € R[X1,...,X,] of total degree
deg(P) < ¥Xd:=1%;d;,

Dr. Uwe Schauz (KFUPM) Describing Polynomials



The Coefficient Formula

Theorem (Coefficient Formula)
Let X CR" bea d-grid.

For polynomials P =3 s x» PsX® € R[X1,...,X,] of total degree
deg(P) < ¥Xd:=1%;d;,

Py = L(N*P|x)

where the maps N, P|y: X — R
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The Coefficient Formula

Theorem (Coefficient Formula)
Let X CR" bea d-grid.

For polynomials P =3 s x» PsX® € R[X1,...,X,] of total degree
deg(P) < ¥Xd:=1%;d;,

Py =E(NT'Plx) | = .cx N(X)1P(x),

where the maps N, P|y: X — R are defined by
N(x, ..o xn) =11 Tleex 1 (6 = €) and Plx(x) == P(x).
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Theorem (Coefficient Formula)
Let X CR" bea d-grid.

For polynomials P =3 s x» PsX® € R[X1,...,X,] of total degree
deg(P) < ¥Xd:=1%;d;,

Py =E(NT'Plx) | = .cx N(X)1P(x),

where the maps N, P|y: X — R are defined by
N(x, ..o xn) =11 Tleex 1 (6 = €) and Plx(x) == P(x).

Corollary (Combinatorial Nullstellensatz (Alon, Tarsi))
If deg(P) < Xd, then

deéO —— P’xiéo
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Corollary ( #1-Theorem)

If deg(P) < Sd, then

[{xeX | P(x)#0}| # 1
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Corollary ( #1-Theorem)

If deg(P) < Sd, then

[{xeX | P(x)#0}| # 1

Corollary (Generalized Chevalley-Warning-Theorem)

Let R :=F, and Pi,...,Ppn € R[X1,...,Xp].
If (g —1) > ;deg(P;) < Xd, then

|{x€3€ L Pi(x)="---= m(x):O}| %+ 1
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The Coefficient Formula

Theorem (Interpolation Formula)

Let X CF" be a d-grid over a field F and y: X — F a map.
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The Coefficient Formula

Theorem (Interpolation Formula)

Let X CF" be a d-grid over a field F and y: X — F a map.

There exists a unique polynomial P € F[Xy,...,X,] with partial degrees
deg;(P) < d; that interpolates y , i.e, Plx=y.
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0L RO TN ZTTER  Interpolation and Inversion Formulas for the Proof

Theorem (Interpolation Formula)

Let X CF" bea d-grid over a field F and y: X — F a map.

There exists a unique polynomial P € F[Xy,...,X,] with partial degrees
deg;(P) < d; that interpolates y , i.e, Plx=y.

The coefficients Ps of P are given by

P5 = Z(M(Sy) )

with certain maps Ms: X — .
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0L RO TN ZTTER  Interpolation and Inversion Formulas for the Proof

Theorem (Interpolation Formula)

Let X CF" bea d-grid over a field F and y: X — F a map.

There exists a unique polynomial P € F[Xy,...,X,] with partial degrees

deg;(P) < d; that interpolates y , i.e, Plx=y.
The coefficients Ps of P are given by

P5 = Z(M(Sy) )

with certain maps Ms: X — .

Corollary (Inversion Formula)

Polynomials P € R[Xi,...,X,] with partial degrees deg;(P) < d; are

uniquely determined by P|x . The coefficients Ps of P are given by

Ps = (M5 P|x)

v
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The Coefficient Formula

Proof of the Coefficient Formula.
Transform P into a trimmed polynomial P/X with

(i) (P/X)lx = Plzx,
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The Coefficient Formula

Proof of the Coefficient Formula.
Transform P into a trimmed polynomial P/X with
(i) (P/X)|x = Plx,

(i) (P/X)a = Pq,
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The Coefficient Formula

Proof of the Coefficient Formula.
Transform P into a trimmed polynomial P/X with
(i) (P/X)|x = Plx,
(i) (P/X)q = Pd,
(iii) deg;(P/X) < dj for j=1,...,n.
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The Coefficient Formula ERETENCE

Proof of the Coefficient Formula.

Transform P into a trimmed polynomial P/X with
(i) (P/X)|x = Plx,

(i) (P/X)q = Pd,

(iii) deg;(P/X) < d;j for j=1,...

Then
(u

—
-

(P/x)g 2 S (My (P/%)x) £ £(MyPlz)

= Y(N71P|y) .

Dr. Uwe Schauz (KFUPM)
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The Coefficient Formula ERETENCE

The transformation P —+— --- +— P/X :

deg,

O O 0O e
~ 0O O O

S

Il
O O O O O O O
0O O O O O O
2O O O O O

O
o O
5 6 deg,

Start with P and add successively ...
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The Coefficient Formula

The transformation P

deg,

O O O @

— P/X:

=0 OO0 O O O O
-0 O 0O 0O 0O O
©fO O O O O

di

~ 0O O O

O
o O
5 6 deg,

+ ¢ xO2DJ[x2-¢) =0 onx
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The Coefficient Formula

The transformation P

deg,

O O O @

— P/X:

%0 OO0 O O O 0
-0 O 0O 0O 0O O
©fO O O O O
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~ 0O O O

O
o O
5 6 deg,
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The transformation P ——+— -+« —— P/X:

deg,

O O 0O e
~ 0O O O

>0 O O O O O
0O O O O O O
2O O O O O
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The Coefficient Formula

The transformation P

deg,

O O O @

— P/X:

>0 (0 O O O O]

0O O O O O O
2O O O O O

di

~ 0O O O

O
o O
5 6 deg,

+ ¢ xXOUT[x2-¢) =0 onx
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The Coefficient Formula

The transformation P

deg,

O O O @

— P/X:

0 (0 O O O ®

0O O O O O O
2O O O O O

di

~ 0O O O

O
o O
5 6 deg,
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The Coefficient Formula

The transformation P

deg,

O O O @
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(0 0 O O O

0O O O O O O
2O O O O O

di

~ 0O O O

O
o O
5 6 deg,

+ ¢ xOOT[x2-¢) =0 onx

Dr. Uwe Schauz (KFUPM)

€ex,

Describing Polynomials



The Coefficient Formula

The transformation P

deg,
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The Coefficient Formula

The transformation P

deg,

O O O @
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The Coefficient Formula

The transformation P

deg,

O O O @

— P/X:

>0 O O O

-0 O O O

O O O O @

di

+ ¢ x2OTJ[x2-¢) =0 onx
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The Coefficient Formula

The transformation P

deg,

| — P/X:
OO0 O @
O 0O O O O
OO0 OO0 OO0
O oo o0 o o0 g
0 1 2 d 4 5 6 g

+ ¢ x2OT[xi-¢ =0 onx
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The Coefficient Formula

The transformation P ——+— -+« —— P/X:
deg;
6
5
4
®=310 O O @
210 O O O O
LHLO O O O O O
oo (0 0O O 0 g
0 1 32 d 4 5 6 geg

+ e xEOT[xi-¢ =0 onx
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The Coefficient Formula

The transformation P ——+— -+« —— P/X:
deg;
6
5
4
®=310 O O @
210 O O O O
LHLO O O O O O
ol 0 0 0 g
0 1 2 d 4 5 6 geg

+ ¢ xOOT[xi-¢ =0 onx

€ex,

Dr. Uwe Schauz (KFUPM) Describing Polynomials



The Coefficient Formula

The transformation P ——+— -+« —— P/X:
deg;
6
5
4
®=310 O O @
210 O O O O
11O (0O O O O g
0o O O O
0 1 3 & 4 5 6 geg

+ e xIVT[xi-¢ =0 onx

€ex,
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The Coefficient Formula

The transformation P ——+— -+« —— P/X:
deg;
6
5
4
®=310 O O @
210 O O O O
1O 0 O O g
0o O O O
0 1 3 & 4 5 6 geg

+ e xOUT[xi-¢ =0 onx

€ex,
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The Coefficient Formula

The transformation P ——+— -+« —— P/X:
deg;
6
5
4
®=310 O O @
20 0 0 O 9
LO O O O
0o O O O
0 1 3 & 4 5 6 geg

+ ¢ xXODTJ[xi-¢ =0 onx

€ex,
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The transformation P ——+— -+« —— P/X:

deg,

unchanged!

>0 O O O
-0 O O O
21O O O O
O O O @

di A5 6 geg,

The trimmed polynomial P/X .
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The Coefficient Formula SESIISSE|[FETTeE

Specializations of the Coefficient Formula

If deg(P) < Xd, then P, = Z N(x)_lP(x)
xeX
Let A € Ran’ b e RM. Matrix Poly.
If m < ¥d, then pery(A) = D N(x)"'T[(Ax — b)
xeX

Let d, denote the indegree of the vertices v € V of G = (v, E) and let

X, € R bea “list of d, + 1 colors” so that the set X := Hvev X, of

potential list colorings of G is a d-grid for d := (dv)vev , then Graph Poly.
/—/E

+ |EE|F|EO| = perg(AG)) = D> NI (xe—
~— ~—~—

steE
Eulerian Subgraphs Incidence Matrix xex

If L is the arbitrarily oriented line graph of a planar k-regular graph G
and d. =k —1 forall e E(G) = V(L), then

const - pery(A(L)) =  “the number of edge k-colorings of G "

Xs)
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Applications
Applications
© Alon and Tarsi's Combinatorial Nullstellensatz.

© Chevalley and Warning's Theorem about the number of simultaneous
zeros of systems of polynomials over finite fields. A sharpening of
Warning's lower bound for this number and a generalization of
Olson’s version.

Ryser's Permanent Formula.

Alon’s Permanent Lemma.

Alon and Tarsi's Theorem about orientations and colorings of graphs.
Scheim’s formula for the number of edge n-colorings of planar
n-regular graphs.

Ellingham and Goddyn's partial answer to the list coloring conjecture.
Alon, Friedland and Kalai’s Theorem about regular subgraphs.

Alon and Fiiredi's Theorem about cube covers.

Cauchy and Davenport's Theorem from additive number theory.

©66000 00060

Erdds, Ginzburg and Ziv's Theorem from additive number theory.
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Definition (J-permanent)

Let A(|0) be a matrix that contains the j™ column of A exactly §; times.
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Definition (J-permanent)

Let A(|0) be a matrix that contains the j™ column of A exactly §; times.
The 0-permanent of A = (a;j) € R™*" is defined through

m 1 .
L ner(A(l)) if $6—m,
per(;(A) = E I I ai,a(i) = { H(6J!)

o (m—(n] =1 0 else .

lo=LG)1 = §
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Appendix

Definition (J-permanent)

Let A(|0) be a matrix that contains the j™ column of A exactly §; times.
The 0-permanent of A = (a;j) € R™*" is defined through

pers(A) = > Haml _ { Ty Per(Adl9)) if 20 =m,

o (o] i—1 0 else .
o161~

Lemma (The Coefficients of the Matrix Polynomial)

NAX) = pers(A) X°
deNn

nAx-b) = JT(Q_aX) - b)
i=1  j=1

= TI(AX) + “a polynomial of lower degree”
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Appendix

Definition (J-permanent)

Let A(|0) be a matrix that contains the j™ column of A exactly §; times.
The 0-permanent of A = (a;j) € R™*" is defined through

pers(A) = 3 Ham, ={ Ty Per(A(lS) if X6 =m,

o (o] i—1 0 else .
o161~

Lemma (The Coefficients of the Matrix Polynomial)

NAX) = r A)X
nAx-b) = JT(Q_aX) - b)
i=1 j=1

= TI(AX) + “a polynomial of lower degree”
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VAN Generalizations

Conjecture (Alon, Friedland, Kalai)

Set R :=Z/kZ, let X:={0,1}" be the Boolean grid and let
Pi,...,Pm € R[X1,...,Xps] be homogenous polynomials of degree 1.

If (k—1)m < n, then there is a nontrivial simultaneous zero, i.e.,

[{xeXx | Pix) = =Ppn(x) =0} # 1
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VAN Generalizations

Conjecture (Alon, Friedland, Kalai)

Set R :=Z/kZ, let X:={0,1}" be the Boolean grid and let
Pi,...,Pm € R[X1,...,Xps] be homogenous polynomials of degree 1.

If (k—1)m < n, then there is a nontrivial simultaneous zero, i.e.,

|{x€% | Pl(x):---:Pm(x):OH # 1

Theorem (Generalized Olson-Theorem)

Let p e N be a prime and X C 7" a d-grid with the additional property
that for all j € {1,...,n} and all x,% € Xj with x # % holds p | x — X.
For polynomials Py, ..., P, € Z[X1,...,X,], and numbers

ki,...,km >0 small enough so that > ,(p" — 1)deg(P;) < Xd,

|{XEI AE pk"[P;(x) }l # 1

v
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