
ARCS IN PROJECTIVE GEOMETRIESOVER F4 AND QUATERNARY LINEARCODES
Assia RoussevaSo�a UniversityIvan LandjevNew Bulgarian University

� ALCOMA 2010, Shloss Thurnau, 11.-18.04.2010 �



1. Preliminaries

Fq, q = pr, p � prime, the �eld with q elementsDe�nition. A multiset in PG(k − 1, q) is a mapping

K :

{
P → N0,
P → K(P ).

K(P ) � the multipliity of the point P .
Q ⊂ P : K(Q) =

∑
P∈QK(P ).

K(P) � the ardinality of K.� ALCOMA 2010, Shloss Thurnau, 11.-18.04.2010 � 1



Points, lines, ... ,hyperplanes of multipliity i are alled i-points, i-lines, ... ,

i-hyperplanes.
ai � the number of i-hyperplanes
(ai)i≥0 � the spetrum of K
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De�nition. (n, w)-ar in PG(k − 1, q): a multiset K with1) K(P) = n;2) for every hyperplane H : K(H) ≤ w;3) there exists a hyperplane H0: K(H0) = w.De�nition. (n, w)-bloking set with respet to hyperplanes in

PG(k − 1, q) (or (n,w)-minihyper): a multiset K with1) K(P) = n;2) for every hyperplane H : K(H) ≥ w;3) there exists a hyperplane H0: K(H0) = w.
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2. Linear odes over �nite �elds

C � linear [n, k, d]q ode:
C is a linear subspae of F

n
q with dimC = k,

δHam(u, v) ≥ d for every u, v ∈ C, u 6= v.Problem A. For given k, d and q �nd the smallest value of n for whih thereexists an [n, k, d]q-ode.The Griesmer bound:

nq(k, d) ≥ gq(k, d) =
k−1∑

i=0

⌈
d

qi
⌉
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⋄ For k, q �xed, there exist odes meeting the Griesmer bound for all su�ientlylarge d. (Tamari)
⋄ For d, q �xed, k → ∞ Griesmer odes do not exist. (Dodunekov)Hene it is reasonable to attak the problem for �small� �elds Fq and �small�dimensions k.At present:

q = 2, k ≤ 8 � the problem is solved for all d;

q = 3, k ≤ 5 � the problem is solved for all d;

q = 4, k ≤ 4 � the problem is solved for all d;
k = 5, ≈ 110 open ases;

q = 5, k ≤ 3 � the problem is solved for all d;
k = 4 � only 4 open ases for d:
d = 81, 82, 161, 162;

q = 7, 8, 9 k ≤ 3 the problem is solved for all d.� ALCOMA 2010, Shloss Thurnau, 11.-18.04.2010 � 5



3. Ars and linear odes

Theorem. The existene of an [n, k, d]q-ode of full length is equivalent to thatof an (n, n − d)-ar in PG(k − 1, q).
⋄ C � [n, k, d]q-ode with n = t + gq(k, d);
⋄ K - (n, n − d)-ar assoiated with C;
⋄ γi := maximal multipliity of an i-dimensional subspae of PG(k − 1, q),

i = 0, 1, . . . , k − 1,

γi ≤ t + gq(i + 1, d).
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Problem B. Charaterize geometrially all Griesmer odes with given parameters

k, d and q. Equivalently: Charaterize all minihypers in PG(k − 1, q) withparameters
(

k−2∑

i=0

ǫivi+1,

k−2∑

i=0

ǫivi,

)
, 0 ≤ ǫi ≤ q − 1,where vi = (qi − 1)/(q − 1).- probably hopeless in all generality- Belov, Logahev, Sandimirov, 1974- N. Hamada,T. Helleseth- L. Storme, J. De Beule, P. Govaerts et al.- A. Klein, Kl. Metsh and many others� ALCOMA 2010, Shloss Thurnau, 11.-18.04.2010 � 7



3.1. Divisibility of ars in PG(k − 1, q)

De�nition. A (n, w)-ar K in PG(k − 1, q) is alled divisible if there existsan integer ∆ > 1 suh that K(H) ≡ n (mod ∆) for every hyperplane H .Theorem. (H. N. Ward) Let K be a Griesmer (n, w)-ar in PG(k − 1, p),

p a prime, with w ≡ n (mod pe), e ≥ 1. Then K(H) ≡ n (mod pe) for anyhyperplane H .Theorem. (H. N. Ward) LetK be a Griesmer (n,w)-ar in PG(k−1, 4) with

w ≡ n (mod 2e), e ≥ 1. Then K(H) ≡ n (mod 2e−1) for any hyperplane H .
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3.2. Extension of ars in PG(k − 1, q)

De�nition. An (n,w)-ar K in PG(k − 1, q) is alled extendable if thereexists an (n + 1, w)-ar K∗ in PG(k − 1, q) with K∗(P ) ≥ K(P ) for everypoint P ∈ P .Theorem. (Hill, Lizak) Let K be an (n, w)-ar in PG(k − 1, q) with

gcd(n − w, q) = 1. Let further K(H) ≡ n or w (mod q) for all hyperplanes

H . Then K is extendable to an (n + 1, w)-ar in PG(k − 1, q).
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4. The status quo for q = 4

Problem.For odes over F4, n4(k, d) has been found for k ≤ 4 for all d.For k = 5, n4(5, d) has been found for all but ≈110 values of d.Some open ases for k = 5, q = 4:
d g4(5, d) n4(5, d) (n, w)-ar K K|H

333 446 446�447 (446, 113)-ar
334 447 447�448 (447, 113)-ar (113, 29)-ar

335 448 448�449 (448, 113)-ar in PG(3, 4)
336 449 449�450 (449, 113)-ar� ALCOMA 2010, Shloss Thurnau, 11.-18.04.2010 � 10



d g4(5, d) n4(5, d) (n, w)-ar K K|H
345 462 462�463 (462, 117)-ar

346 463 463�464 (463, 117)-ar (117, 30)-ar

347 464 464�465 (464, 117)-ar in PG(3, 4)
348 465 465�466 (465, 117)-ar

349 467 467�468 (467, 118)-ar
350 468 468�469 (468, 118)-ar (118, 30)-ar

351 469 469�470 (469, 118)-ar in PG(3, 4)
352 470 470�471 (470, 118)-ar
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5. Charaterization of the (118, 30)-ars in PG(3, 4)

Theorem. Let K be a (118, 30)-ar. Then

γ0 = 2, γ1 = 8, γ2 = 30.Moreover, the possible multipliities of hyperplanes are 14, 18, 22, 26, 30.

� ALCOMA 2010, Shloss Thurnau, 11.-18.04.2010 � 12



5.1. Construtions using a (128, 32)-ar in PG(3, 4)Step 1. ℓ � a line in PG(3, 4);
π0, . . . , π4 � the planes through ℓ

L(P ) =





0 if P ∈ ℓ,
1 if P ∈ (π0 ∪ π1) \ ℓ,
2 if P ∈ (π2 ∪ π3 ∪ π4) \ ℓ,Step 2. Delete a (10, 2)-minihyper F with F(P ) ≤ L(P ) for every point P .Possibilities for F :(a) two skew lines di�erent from ℓ;(b) two interseting lines di�erent from ℓ; the ommon point is not on π0 or

π1.� ALCOMA 2010, Shloss Thurnau, 11.-18.04.2010 � 13



K = L − Fis a (118, 30)-ar in PG(3, 4) with one of the following spetra:(a) a14 = 2, a22 = 0, a26 = 10, a30 = 73,

λ0 = 9, λ1 = 34, λ2 = 42;

(b) a14 = 2, a22 = 1, a26 = 8, a30 = 74,
λ0 = 10, λ1 = 32, λ2 = 43.
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6.2. Construtions of ars with a18 6= 0Step 1. ℓ � a line in PG(3, 4);
π0, . . . , π4 � the planes through ℓ

L(P ) =

{
1 if P ∈ (π0 ∪ π1),
2 if P ∈ (π2 ∪ π3 ∪ π4) \ ℓ,Step 2. Delete a (15, 3)-minihyper F ontained in π2 ∪ π3 ∪ π4 and meeting ℓin exatly three points.
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Possibilities for F :(a) three skew lines ontained in π2, π3 and π4, respetively;(b) PG(3, 2) onstruted in π2 ∪ π3 ∪ π4 and meeting ℓ in three points.

K = L − F is a (118, 30)-ar in PG(3, 4) with spetrum:

a18 = 2, a26 = 12, a30 = 71,
λ0 = 3, λ1 = 46, λ2 = 36.
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(a)
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(b)
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6.3. Ars with weights 22,26,30 � dual onstrutionsTheorem. There exists a one-to-one orrespondene between the ars K withparameters (118, {22, 26, 30}) and the ars K̃ with parameters (18, {2, 6, 10})in PG(3, 4).Proof.30-planes −→ 0-points26-planes −→ 1-points22-planes −→ 2-points0-points −→ 10-planes1-points −→ 6-planes2-points −→ 2-planes
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() (18, {2, 6, 10})-ar
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(d) (18, {2, 6, 10})-ar
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(e) (18, {2, 6, 10})-ar
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(d) (118, 30)-ar
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6. Charaterization of the (117, 30)-ars in PG(3, 4)

Theorem. Every (117, 30)-ar in PG(3, 4) is extendable to a (118, 30)-ar.Proof.Let K be a (117, 30)-ar in PG(3, 4).The possible multipliities of hyperplanes are all ≡ 1 and 2 (mod 4).Hene K is extendable by Hill and Lizak's Extension Theorem.
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7. Charaterization of the (113, 29)-ars in PG(3, 4)

Theorem. Let K be a (113, 29)-ar. Then

γ0 = 2, γ1 = 8, γ2 = 29.Moreover, the possible multipliities of hyperplanes are 13, 17, 21, 25, 27, 29.

We an get a (113, 29)-ar by deleting a line from a (118, 30)-ar.Apart from this we have the following possibilities:
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7.1. Construtions using a (128, 32)-ar in PG(3, 4)Step 1. ℓ � a line in PG(3, 4);
π0, . . . , π4 � the planes through ℓ

L(P ) =





0 if P ∈ ℓ,
1 if P ∈ (π0 ∪ π1) \ ℓ,
2 if P ∈ (π2 ∪ π3 ∪ π4) \ ℓ,Step 2. Delete a (15, 3)-minihyper F with F(P ) ≤ L(P ) for every point P .
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F is the omplement of a plane hyperoval.

K = L − F � a (113, 29)-ar in PG(3, 4) with K(H) ≡ 1 (mod 4) for all

H .
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7.2. Constrution using a (28, 8)-ar in PG(3, 4)

L � a (28, 8)-ar in PG(3, 4);Spetrum: a0 = 1, a4 = 21, a8 = 63

K = 1 + L is a (113, 29)-ar in PG(3, 4);2-points � the points of L;1-points � all other points.
K(H) ≡ 1 (mod 4) for all planes H .
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7.3. Construtions using a (49, 13)-ar in PG(3, 4)

L � a (49, 13)-ar in PG(3, 4);Spetrum: a1 = 1, a9 = 16, a13 = 68

π � a �xed plane in PG(3, 4);
A � a (64, 16)-ar in PG(3, 4):

A(P ) =

{
0 if P ∈ π,
1 if P 6∈ π.

K = L + A � a (113, 29)-ar in PG(3, 4) with K(H) ≡ 1 (mod 4) for all

H .
� ALCOMA 2010, Shloss Thurnau, 11.-18.04.2010 � 29



7.4. The exeptional (113, 29)-ar in PG(3, 4)

ℓ � a �xed line;
π0, . . . , π4 � the planes through ℓ;
O � an oval in π0 with nuleus N , ℓ ∩ (O ∪ {N}) = ∅;

H � a hyperoval in π1, H ∩ ℓ = ∅;
C - a one with vertex N and base urve HThe ar K:0-point - the point N ;2-points - the points of the one (without N ) and the points of O;1-points - all other points.� ALCOMA 2010, Shloss Thurnau, 11.-18.04.2010 � 30



K is the only (113, 29)-ar whih has 27-planes, i.e. planes H with K(H) 6≡ 1
(mod 4).
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8. Appliations of the haraterization

Theorem. There are no (448, 113)-ars in PG(4, 4). Equivalently, there are no

[448, 5, 336]4-odes and n4(5, 335) = 449, n4(5, 336) = 450.Theorem. There are no (464, 117)-ars in PG(4, 4). Equivalently, there are no

[464, 5, 347]4-odes and n4(5, 347) = 465, n4(5, 348) = 466.Theorem. There are no (467, 118)-ars in PG(4, 4). Equivalently, there are no

[467, 5, 349]4-odes and n4(5, 349) = 468, n4(5, 350) = 469, n4(5, 351) =
470, n4(5, 352) = 471.
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d g4(5, d) n4(5, d)

333 446 446�447
334 447 447�448
335 448 449
336 449 450

345 462 462�463
346 463 463�464
347 464 465
348 465 466

349 467 468
350 468 469
351 469 470
352 470 471
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8. Charaterization of the (102, 26)-ars in PG(3, 4)

8.1. The (101, 26)- and (102, 26)-ars in PG(3, 4)Theorem. There exists exatly one (102, 26)-ar in PG(3, 4). It is obtained asthe sum of an ovoid and the omplete spae.Spetrum:

a22 = 17, a26 = 68, λ0 = 0, λ1 = 68, λ2 = 17.

Theorem. Every (101, 26)-ar in PG(3, 4) is extendable to a (102, 26)-ar.
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d g4(5, d) n4(5, d) (n, w)-ar K K|H
297 398 399 (399, 101)-ar

298 399 400 (400, 101)-ar (101, 26)-ar

299 400 401 (401, 101)-ar in PG(3, 4)
300 401 402 (402, 101)-ar

301 403 404 (404, 102)-ar

302 404 405 (405, 102)-ar (102, 26)-ar

303 405 406 (406, 102)-ar in PG(3, 4)
304 406 407 (407, 102)-ar
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Open problem. Charaterize geometrially the ars with parameters

(q3 + 2q2 + q + 2, q2 + 2q + 2) in PG(3, q), q > 2.

These ars are assoiated with Griesmer odes with parameters

[q3 + 2q2 + q + 2, 4, q3 + q2 − q]q.

An obvious onstrution: the sum of an ovoid and the whole spae PG(3, q).The question is: are there other onstrutions?
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• In PG(3, 3): We have two (50, 17)-ars:(a) the sum of a ap and the whole spae;(b) two opies of PG(3, 3) minus two di�erent planes π0, π1 minus a line (skewto the line ℓ = π0 ∩ π1).
• In PG(3, 4): There is exaly one (102, 26)-ar and it is the sum of an ovoidand the whole spae.

• In PG(3, 5): There is exaly one (182, 37)-ar and it is the sum of an ovoidand the whole spae.
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Conjeture. (At least) for every prime p ≥ 5 there is a unique ar withparameters (p3 + 2p2 + p + 2, p2 + 2p + 2) in PG(3, p). It is obtained as thesum of an ovoid and the whole spae.How an one prove this?
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8.2. Reduibility of plane (x(q + 1) + 1, x)-minihypersThe planes of maximal multipliity have parameters (q2 + 2q + 2, q + 3).The existene of suh ars is equivalent to that of minihypers with parameters

(q2, q − 1) (with maximal multipliity of a point equal to 2).These parameters an be written as (x(q + 1) + 1, x) with x = q − 1.

� ALCOMA 2010, Shloss Thurnau, 11.-18.04.2010 � 40



Reduible (x(q + 1) + 1, x)-minihypers. an be obtained from (x(q + 1), x)-minihypers by adding a point.R. Hill, H.N WardI. Landjev, L. StormeIrreduible (x(q + 1) + 1, x)-minihypers.
◦ the omplement of an oval for all odd q

◦ for q = 4: one irreduible (16, 3)-minihyper
◦ for q = 5: one further irreduible minihyper with λ2 = 2, λ0 = 8.
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(16, 3)-minihyper in PG(2, 4)

(25, 4)-minihyper in PG(2, 5)

� ALCOMA 2010, Shloss Thurnau, 11.-18.04.2010 � 42


