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1. Finite 
hain rings and modules over �nite 
hain rings

1.1. Finite 
hain ringsDe�nition. A ring (asso
iative, 1 6= 0, ring homomorphisms preserving 1) is
alled a left (right) 
hain ring if the latti
e of its left (right) ideals forms a
hain.A. Ne
haev, Mat. Sbornik 20(1973), 364�382.
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Example. Chain Rings with q2 Elements

R : |R| = q2, R/ rad R ∼= Fq

R > rad R > (0)

R. Raghavendran, Compositio Mathemati
a 21 (1969), 195�229.A.Cronheim, Geom. Dedi
ata 7(1978), 287�302.
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If q = pr there exist r + 1 isomorphism 
lasses of su
h rings:

• σ-dual numbers over Fq, ∀σ ∈ Aut Fq: Rσ = Fq ⊕ Fqt; addition � 
ompo-nentwise, multipli
ation �
(x0 + x1t)(y0 + y1t) = x0y0 + (x0y1 + x1σ(y0))t;Also: Rσ = Fq[t;σ]/(X2).

• the Galois ring GR(q2, p2) = Zp2[X ]/ (f(X)), f(X) is moni
 of degree r,irredu
ible mod p.
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1.2. Modules over �nite 
hain ringsTheorem. Let R be a �nite 
hain ring of nilpoten
y index m. For any �nitemodule RM there exists a uniquely determined partition λ = (λ1 . . . , λk) ⊢
logq|M | into parts λi ≤ m su
h that

RM ∼= R/(rad R)λ1 ⊕ . . . ⊕ R/(rad R)λk.

The partition λ is 
alled the shape of RM .The number k is 
alled the rank of RM .
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2. Proje
tive and a�ne Hjelmslev spa
es

2.1. De�nitions
• M = Rk

R; M∗ := M \ Mθ;
• P = {xR | x ∈ M∗};
• L = {xR + yR | x, y linearly independent};
• I ⊆ P × L � in
iden
e relation;
• ⌢⌣ - neighbour relation:(N1) X ⌢⌣Y if ∃s, t ∈ L : X, Y Is,X, Y It;(N2) s⌢⌣t if ∀X I s ∃Y I t: X ⌢⌣Y and ∀Y I t ∃X I s: Y ⌢⌣X .� ALCOMA 2010, S
hloss Thurnau, 11.-18.04.2010 � 6



De�nition. The in
iden
e stru
ture Π = (P,L, I) with neighbour relation ⌢⌣is 
alled the (right) proje
tive Hjelmslev geometry over the 
hain ring R.Notation: PHG(Rk
R)Theorem. (Kreuzer) For every Desarguesian Hjelmslev spa
e Π of dimensionat least 3, having on ea
h line at least 5 points no two of whi
h are neighbours,there exists a Hjelmslev module M over a 
hain ring R su
h that PHG(MR) isisomorphi
 to Π.A. Kreuzer, Resultate der Mathematik, 12 (1987), 148�156.A. Kreuzer, Projektive Hjelmslev-Räume, PhD Thesis, Te
hnis
he UniversitätMün
hen, 1988.F.D. Veldkamp, Handbook of In
iden
e Geometry, 1995, 1033�1084.
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2.2. The stru
ture of PHG(Rk
R)

P ′ � the set of all neighbour 
lasses on points

L′ � the set of all neighbour 
lasses on lines

I ′ ⊆ P ′ × L′ � in
iden
e relation de�ned by
[P ]I ′[l] ⇔ ∃P0 ∈ [P ],∃l0 ∈ [l], P0Il0.

Theorem. (P ′,L′, I ′) ∼= PG(k − 1, q).
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PHG(Z3
9)
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S0 � a subspa
e with dimS0 = s − 1

P = {S ∩ [X ] | X ⌢⌣S0,S ∈ [S0]}

L � the set of all lines in
ident with at least one point from [S0];

I ⊆ P × L(S0)

Theorem. (P, L, I) 
an be imbedded isomorphi
ally into PG(k − 1, q). Themissing part 
ontains the points of a (k − s − 1)-proje
tive geometry.

� ALCOMA 2010, S
hloss Thurnau, 11.-18.04.2010 � 10



� ALCOMA 2010, S
hloss Thurnau, 11.-18.04.2010 � 11



In parti
ular, if we take S0 to be a point, we get

Theorem. (P, L, I) ∼= AG(k − 1, q).

B. Artmann, Math. Z. 112(1969), 163�180.D. Drake, J. Comb. Th. (A) 9(1970), 267-288.
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2.3. Combinatori
s in PHG(Rk
R)

[P ] � all neighbours to P ;
[l] � all neighbours to l;
P ′ � the set of all neighbour 
lasses of points;
L′ � the set of all neighbour 
lasses of lines.Gaussian 
oe�
ients

[

k

s

]

q

=
(qk − 1) . . . (qk−s+1 − 1)

(qs − 1) . . . (q − 1)
.
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Theorem. Let Π = PHG(Rk
R), |R| = q2, R/ rad R ∼= Fq.(i) The number of subspa
es of dimension s is qs(k−s)

[

k
s

]

q

, in parti
ular, Π has

qk−1 · qk−1
q−1 points (hyperplanes) and q2(k−2) · (qk−1)(qk−1−1)

(q2−1)(q−1)

lines.(ii) Every subspa
e of dimension s − 1 is 
ontained in exa
tly q(t−s)(k−t)
[

k−s
t−s

]

qsubspa
es of dimension t − 1, 0 ≤ s ≤ k.(iii) Every point (hyperplane) has qk−1 neighbours;(iv) Given a point P and a subspa
e S 
ontaining P there exist qs−1 points in Sthat are neighbours to P .
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Theorem. Let Π = PHG(R3
R), |R| = q2, R/ rad R ∼= Fq.(i) The number of points (lines) in Π is q2(q2 + q + 1).(ii) Every line (point) is in
ident with exa
tly q(q + 1) lines (points).(iii) Every point (line) has q2 neighbours.(iv) Given a point P and a line L in
ident P there exist q points on L that areneighbours to P . Dually, there exist q points through P that are neighboursto L.
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2.4. Ar
s and blo
king sets in PHG(R3
R)Let Π be PG(k − 1, q) or PHG(Rk

R).De�nition. A multiset in Π = (P,L, I) is de�ned as a mapping

K : P → N0.

De�nition. (n, w)-multiar
 in Π: a multiset K with1) K(P) = n;2) for every hyperplane H : K(H) ≤ w;3) there exists a hyperplane H0: K(H0) = w.
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De�nition. (n,w)-blo
king multiset in Π (or (n, w)-minihyper): a mul-tiset K with1) K(P) = n;2) for every hyperplane H : K(H) ≥ w;3) there exists a hyperplane H0: K(H0) = w.

De�nition.

mn(R3
R) := maximal size k of a (k, n) − ar
 in PHG(R3

R)
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3. Ar
s in PHG(R3
R)

3.1. General bounds on ar
sTheorem. K: (n,w)-ar
 in PHG(R3
R)Let u = K([x]) for some 
lass [x].Let ui, i = 1, . . . , q + 1, be the maximum number of points on a line from the

i-th parallel 
lass in the a�ne plane de�ned on [x]. Then
k ≤ q(q + 1)n − q

q+1
∑

i=1

ui + u.
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Corollary.
mn(R3

R) ≤ max
1≤u≤min{µn(q),q2}

min{u(q2 + q + 1),

q2(n − 1) + q(n − u) + u, q(q + 1)(n − ⌈u/q⌉) + u}.

Corollary.

m2(R
3
R) ≤

{

q2 + q + 1 for q even,
q2 for q odd.
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3.2. Ar
s with n = 2 in PHG(R3
R)

◦ R = Z4: ∃ (7, 2)-ar
;
◦ R = F2[X ]/(X2): 6 ∃ (7, 2)-ar
, ∃ (6, 2)-ar
;

◦ R = Z9: ∃ (9, 2)-ar
;
◦ R = F3[X ]/(X2): ∃ (9, 2)-ar
;
◦ R = GR(42, 22) = Z4[X ]/(X2 + X + 1): ∃ (21, 2)-ar


◦ R = F4[X ]/(X2): ∃ (18, 2)-ar
 the nonempty neighbour 
lasses lie on aHermitian 
urve in (P ′,L′, I ′) ∼= PG(2, 4);
◦ R = F5[X ]/(X2): ∃ (25, 2)-ar
;
◦ R = Z25: ∃ (21, 2)-ar
.
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Constru
tion of Hyperovals for Chain Rings R with charR = 4

• G = GR(q2, p2), q = pr

• Gf = GR(q2f , p2), f ∈ N

• PHG(GfG
) = PHG(Gf)

• Gf 
ontains a unique 
y
li
 subgroup T ∗
f = 〈η〉 of order qf − 1, thegroup of Tei
hmüller units

• Tf = {x ∈ Gf | xqf
= x} = T ∗

f ∪ {0}De�nition. The set

Tf = {Gηj | 0 ≤ j < (qf − 1)/(q − 1)}in PHG(Gf/G) is 
alled the Tei
hmüller set of Gf .� ALCOMA 2010, S
hloss Thurnau, 11.-18.04.2010 � 23



Theorem. Let G = GR(q2, p2) be a Galois ring of 
hara
teristi
 p2 and f ≥ 3be an integer.(i) If every prime divisor of f is greater than p, then no three points from theTei
hmüller set Tf in PHG(Gf/G) are 
ollinear.(ii) If f is even, Tf 
ontains three 
ollinear points.

Theorem. If R is a Galois ring with charR = 4 then m2(R
3
R) = q2 + q + 1.
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Theorem. Let R be a 
hain ring with |R| = q2, R/ rad R ∼= Fq, q even, whi
h
ontains a subring isomorphi
 to the residue �eld Fq. Then m2(R
3
R) ≤ q2 + q.Proof.

b2 � number of 2-lines that meet the �Baer� subplane in 2 pointsCount the �ags (x, L), where x is a point from the hyperoval and L � a line fromthe subplane:

2b2 = 3t + (q2 + q + 1 − t) · 1 = 2t + q2 + q + 1.

Theorem. (Honold, Kiermaier) Let R be a 
hain ring with |R| = q2,

R/ rad R ∼= Fq, q = pm odd, whi
h 
ontains a subring isomorphi
 to the residue�eld Fq. Then m2(R
3
R) = q2.� ALCOMA 2010, S
hloss Thurnau, 11.-18.04.2010 � 25



q � even charR = 2 q2 + 2 ≤ mn(R3
R) ≤ q2 + q

charR = 4 mn(R3
R) = q2 + q + 1

q � odd charR = p mn(R3
R) = q2

charR = p2 ??? ≤ mn(R3
R) ≤ q2
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Problems for ar
s with n = 2 in proje
tive Hjelmslev planes(1) Are the hyperovals obtained from the Tei
hmüller sets unique?(2) What is the maximum size of an (n, 2)-ar
 in PHG(R3
R), when charR = 2?(3) What is the maximum size of an (n, 2)-ar
 in PHG(R3

R), for charR = p2odd?(4) Constru
t (n, 2)-ar
s in PHG(R3
R), charR = p2 odd, with ≈ Cq2 points(preferably for some 
onstant C 
lose to 1).
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3.3. Constru
tions for General n

• for q2 ≤ n ≤ q2 + q: mn(R) = q(q + 1)n − q3.

• for n = q2 − 1: ∃ (q4 − q2 − q, q2 − 1)-ar
 for all R.We 
onje
ture mn(R) = q4 − q2 − q.
• for q2 − q ≤ n ≤ q2 − 2: ∃ (q2n − 2q, n)-ar
s for every R.

• for n < 2q no statisfa
tory general 
onstru
tions are known ex
ept for the 
ase

n = 2.
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3.4. The Dual Constru
tion in PHG(R3
R)

• Π = PHG(Rk
R), R � a 
hain ring of nilpoten
y index 2

• K: (n,w)-ar
 in ΠDe�nition. The type of a hyperplane H is the triple (a0(H), a1(H), a2(H)):

a0(H) =
∑

x:x6∈[H]

K(x), a1(H) =
∑

x:x∈[H]\H

K(x),

a2(H) =
∑

x:x∈H

K(x).
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For a = (a0, a1, a2) ∈ N0 × N0 × N0. de�ne

Aa = |{H | H ∈ H,H has type a}|,where H is the set of all hyperplanes.De�nition. The sequen
e
{Aa | a ∈ N0 × N0 × N0}is 
alled the spe
trum of K.The set of interse
tion numbers of K is

W (K) = {a | a ∈ N0 × N0 × N0, Aa > 0}.
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• τ : W (K) → N0 � an arbitrary fun
tion

• De�ne
Kτ :

{

H → N0

H → τ(a(H))
.

• We 
all Kτ the τ -dual to K

• Note: Kτ is a multi-ar
 in PHG(RRk).
• Parameters:

n′ =
∑

a∈W

τ(a)Aa,

w′ = max
x∈P

Kτ(x) = max
x∈P

∑

H:x∈H

Kτ(H).
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Let
τ(a) = α + βa1 + γa2,where α, β, γ are 
hosen in su
h way that τ(a) are non-negative integers for all

a ∈ W (K).
Kτ(H) = α + βK([H]) + (γ − β)K(H).

� ALCOMA 2010, S
hloss Thurnau, 11.-18.04.2010 � 32



Theorem. Let K be a (n, w)-ar
 in PHG(Rk
R), where R is a 
hain ring with

|R| = q2, R/ rad R ∼= Fq. Let α, β, γ ∈ Q be su
h that α + βa1 + γa2 ∈ N0for all a = (a0, a1, a2) ∈ W . For any hyperplane H of type a = (a0, a1, a2),let
τ(H) = τ(a(H)) = α + βa1 + γa2.Then the type of an arbitrary hyperplane x∗ = xR ∈ P in the dual geometry is

b = (b0, b1, b2), where
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b0 = αq2k−2 + βnq2k−4(q − 1) + γnq2k−4

−
(

βq2k−4(q − 1) + γq2k−4
)

K([x]),

b1 = αqk−2(qk−1 − 1) + βnqk−3(qk−2 − 1)(q − 1) + γnqk−3(qk−2 − 1)

+
(

βqk−3(qk − 2qk−1 + qk−2 − 1) + γqk−3(qk−1 − qk−2 + 1)
)

K([x])

−(γ − β)q2k−4K(x),

b2 = αqk−2 ·
qk−1 − 1

q − 1
+ βnqk−3(qk−2 − 1) + γnqk−3 ·

qk−2 − 1

q − 1

+
(

βqk−3(qk−1 − qk−2 + 1) + γqk−3(qk−2 − 1)
)

K([x])

+(γ − β)q2k−4K(x).� ALCOMA 2010, S
hloss Thurnau, 11.-18.04.2010 � 34



Example 1. The hyperoval in PHG(R3
R), R = GR(q2, 22), q = 2r

• We take τ : (q2, q + 1, 0) 7→ 1, (q2, q − 1, 2) 7→ 0, so that Kτ 
onsists of the

0-lines of the hyperoval K, taken with multipli
ity 1. The mapping τ is realizedby the 
hoi
e of 
oe�
ients
α = 0, β =

1

q + 1
, γ = −

q − 1

2(q + 1)
,

• We have n = q2 + q + 1 and K([x]) = 1 for all x.� ALCOMA 2010, S
hloss Thurnau, 11.-18.04.2010 � 35



• The possible types of lines in the dual plane:

b0 =
q4 − q3

2
,

b1 =
q3 − q2 − q

2
+

1

2
q2K(x),

b2 =
q2

2
−

1

2
q2K(x).

• The dual ar
 is a ((q4 − q)/2, q2/2)-ar
 with two interse
tion numbers 0and q2/2. Moreover, every neighbour 
lass of points 
ontains exa
tly (q2 − q)/2points.� ALCOMA 2010, S
hloss Thurnau, 11.-18.04.2010 � 36



• It 
an be 
he
ked that the dual ar
s are optimal , i.e.

mq2/2(R
3
R) =

q4 − q

2
,

where R = GR(q2, q) with q = 2r.
• In parti
ular, there exists a (126, 8)-ar
 in the Hjelmslev plane over GR(42, 22).
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Example 2. The �Baer� subplane

• |R| = q2 = p2r, R/ rad R ∼= Fpr, charR = p

• there exists a �Baer� subplane: (q2 + q + 1, q + 1)-ar


• W = {(q2, 0, q + 1), (q2, q, 1)}:
α = 0, β = −

1

q(q + 1)
, γ =

1

q + 1
.

• The dual ar
 has the same parameters.
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Example 3.
• A (q(q2 + q + 1), q)-ar
 
onsisting of q2 + q + 1 line segments, one segmentin ea
h neighbour 
lass of points, and the segments have all possible dire
tions.

W =
{

(q3, q2, q), (q3, q2 − q, 2q)
}

.

• We have line types (q3, q2 − εq, q + εq), where ε = 0 or 1, and K([x]) = qfor all 
lasses of points [x].
• Take τ : W → N0 as (q3, q2, q) 7→ 0, (q3, q2 − q, 2q) 7→ 1 or, equivalently,

α = 0, β = −
1

q(q + 1)
, γ =

1

q + 1
.

• The dual ar
 has the same parameters.� ALCOMA 2010, S
hloss Thurnau, 11.-18.04.2010 � 39



Values of mn(R3
R) for Hjelmslev planes of order q2 = 4and q2 = 9

n/R Z4 F2[X ]/(X2) Z9 F3[X ]/(X2)2 7 6 9 93 10 10 19 184 30 305 39 386 49 507 60 608 69 69
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4. Blo
king Sets in PHG(R3
R)

4.1. General resultsTheorem. R �nite 
hain ring with |R| = qm, R/ rad R ∼= Fq. The minimalsize of a (k, n)-blo
king set in PHG(R3
R) is nqm−1(q + 1).Corollary. The minimal size of blo
king set is qm−1(q + 1) and in 
ase ofequality it 
ontains the points of a line.
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Blo
king Sets with k = q2 + q + 1(1) a subplane ∼= PG(2, q)(2) Lines: ℓ0, ℓ1 with ℓ0 ⌢⌣ℓ1; X ∈ ℓ \ ℓ0.
K(P ) =

{

1 if P ∈ (ℓ0 \ [X ]) ∪ {X} or P ∈ ℓ1 ∩ [X ]
0 otherwise.
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Theorem.Let K be an irredu
ible (q2 + q + 1, 1)-blo
king set in PHG(R3
R), |R| = q2,

R/ rad R ∼= Fq. Then either(1) SuppK is a proje
tive plane of order q, or else(2) K is a blo
king set of the type (2).If R = GR(q2, p2), then K is of the type (2).
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4.2. Rédei-type Blo
king Sets in PHG(R3
R)

Γ = {γ0 = 0, γ1 = 1, γ2, . . . , γq−1}

γi 6≡ γj (mod rad R)

[Z = 0] � the line 
lass at in�nity.
[Z = 0] = {aX + bY + Z = 0 | a, b ∈ rad R}.All points in
ident with lines in this 
lass: (x, y, z) with z ∈ rad R.All points outside this 
lass: (x, y, 1), x, y ∈ R.
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The points of AHG(R2
R): (x, y), where x, y ∈ R.The lines of AHG(R2

R):- Y = aX + b, a, b ∈ R;- X = cY + d, d ∈ R, c ∈ rad R.De�nition.We say that a line of the �rst type has slope a . A line with equation

X = cY + d is said to have slope ∞j, if c = θγj, j = 0, 1, . . . , q − 1.Lemma. A line ℓ through P = (x1, y1) and Q = (x2, y2) in AHG(R2
R) hasslope a, a ∈ R∗, if the line in PHG(R3

R) through (x1, y1, 1) and (x2, y2, 1)meets Z = 0 in (1, a, 0). Similarly, a line ℓ through P and Q has slope ∞j if itmeets Z = 0 in (θγj, 1, 0).De�nition. (a) (resp. (∞j)) will denote the in�nite point from Z = 0 of thelines with slope a (resp. ∞j).� ALCOMA 2010, S
hloss Thurnau, 11.-18.04.2010 � 46



De�nition. Let U be a set of q2 points in AHG(R2
R). We say that the in�nitepoint (a) is determined by U if there exist di�erent points P,Q ∈ U su
h that

P,Q and (a) are 
ollinear in PHG(R3
R).Theorem. Let U be a set of q2 points in AHG(R2

R). Denote by D the set ofin�nite points determined by U and by D(1) the set of neighbour 
lasses in thein�nite line 
lass 
ontaining points from D. If |D| < q2 + q then there existsan irredu
ible blo
king set in PHG(R3
R) of size q2 + q + 1 + |D| − |D(1)| that
ontains U . In parti
ular, if D 
ontains representatives from all neighbour 
lasseson the in�nite line, then B = U ∪D is an irredu
ible blo
king set of size q2+ |D|in PHG(R3

R).
� ALCOMA 2010, S
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De�nition. A blo
king set of size q2 + u is said to be of Rédei type if thereexists a line ℓ with |B ∩ ℓ| = u and |B ∩ [ℓ]| = u.We are interested in sets U that are obtained in the form

U = {(x, f(x)) | x ∈ R}for some suitably 
hosen fun
tion f : R → R. Let P = (x, f(x)) and Q =
(y, f(y)) be two di�erent points from U . We have the following possibilities:
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1) if x − y 6∈ rad R then P and Q determine the point (a), where

(a) = (f(x) − f(y))(x − y)−1.

2) if x − y ∈ rad R \ (0), and f(x) − f(y) 6∈ rad R the points P and Qdetermine the point (∞i) if
(x − y)(f(x) − f(y))−1 = θγi, γi ∈ Γ.

3) if x − y ∈ rad R \ (0), and f(x) − f(y) ∈ rad R, say x − y = aθ, a 6= 0,

f(x) − f(y) = bθ, a, b ∈ Γ, the points P and Q determine all points (c)with c ∈ ba−1 + rad R.
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Example 1.

f : a + θb → b + θa.over Rσ : q + 1 dire
tions;over GR(q2, p2): q2 − q + 2 dire
tions.
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Example 2.Theorem. Let R = GR(q2, p2), q = pm, p odd. The set U = {(x, f(x) |
x ∈ S}, where the fun
tion is de�ned by

f(x) =

{

(a0, a1) if a0 is a square in Fq,
(−a0,−a1) if a0 is a non-square in Fq.

q2

2
+

3

2
qdire
tions in AHG(R2

R).In parti
ular, there exists a Rédei type blo
king set in PHG(R3
R) of size

3

2
q2 + 2q −

1

2
.� ALCOMA 2010, S
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Example 3.

Let R = GR(q2, p2), q = ps, p a prime,Set Γ(R) = {α ∈ R | αq = α}.
α = a0 + a1p, ai ∈ Γ(R)

AutR is 
y
li
 of order s:
σ(α) = api

0 + api

1 p, i = 0, . . . , s − 1.
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Aut(S : R) is 
y
li
 of order m and is generated by

σ0(α) = aq
0 + aq

1p.

The tra
e fun
tion Tr S:R : S → R is de�ned by

Tr S:R(x) =
∑

σ∈Aut(S:R)

σ(x).

Properties:(1) for all α ∈ S and for all a ∈ R: Tr S:R(aα) = a Tr S:R(α);(2) for all α, β ∈ S: Tr S:R(α + β) = Tr S:R(α) + Tr S:R(β);� ALCOMA 2010, S
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(3) for all c ∈ rad S, Tr S:R(c) ∈ radR;(4) for every b ∈ R, the equation Tr S:R(x) = b has exa
tly |S|/|R| = q2(m−1)solutions.Let R = GR(q2, p2) and S = GR(q2m, p2), i.e. S = R[X ]/(g(X))where g is a moni
 polynomial of degree m whi
h is irredu
ible modulo p.De�ne

f(x) = Tr S:R(x)
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Theorem. Let R = GR(q2, p2) and let S be an extension of R of degree m.The set U = {(x, f(x)) | x ∈ S} de�ned by the fun
tion f(x) = Tr S:R(x)determines
qm − 1

q − 1
qmdire
tions in AHG(S2

S). There exists a Rédei type blo
king set in PHG(S3
S) ofsize

q2m + qm + 1 +
qm − 1

q − 1
qm − qm−1.
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