ARCS AND BLOCKING SETS IN
HJELMSLEV PLANES OVER FINITE
CHAIN RINGS

lvan Landjev

New Bulgarian University

— ALCOMA 2010, Schloss Thurnau, 11.-18.04.2010 —



Outline of the talk

1. Finite chain rings and modules over finite chain rings

2. Projective and affine Hjelmslev planes

3. Arcs in PHG(RY,)

(i) General upper bounds

(ii) Arcs with n = 2 in PHG(RY,)
(iii) Constructions for general n
(iv) Dual constructions

4. Blocking Sets

(i) General results on blocking sets in PHG(R%,)
(i) Rédei type blocking sets in PHG(R%)

— ALCOMA 2010, Schloss Thurnau, 11.-18.04.2010 —



1. Finite chain rings and modules over finite chain rings

1.1. Finite chain rings

Definition. A ring (associative, 1 # 0, ring homomorphisms preserving 1) is
called a left (right) chain ring if the lattice of its left (right) ideals forms a

chain.

. Mat. Sbornik 20(1973), 364-382.
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Example. Chain Rings with ¢* Elements

R:|R=¢° R/rad RXTF,

R >rad R > (0)

. Compositio Mathematica 21 (1969), 195-229.

, Geom. Dedicata 7(1978), 287-302.
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It ¢ = p" there exist r 4+ 1 isomorphism classes of such rings:

e o-dual numbers over F,, Vo € AutF,. R, =, @ Ft; addition — compo-
nentwise, multiplication —

(zo + z1t)(yo + y1t) = zoyo + (Toy1 + z10(yo))?;
Also: R, = F,[t; o]/ (X?).

e the Galois ring GR(¢?,p?) = Z

irreducible mod p.

2| X/ (f(X)), f(X) is monic of degree r,

p
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1.2. Modules over finite chain rings

Theorem. Let R be a finite chain ring of nilpotency index m. For any finite
module pM there exists a uniquely determined partition A = (A1..., Ax) F
log,|M]| into parts A; < m such that

rRM = R/(rad R)M @ ... ® R/(rad R).

The partition A is called the shape of g M.

The number k is called the rank of g M.

— ALCOMA 2010, Schloss Thurnau, 11.-18.04.2010 — 5



2. Projective and affine Hjelmslev spaces

2.1. Definitions
e M =RY: M*:= M\ M0,

o P={zR|x e M*},
o L={zR+ yR | z,y linearly independent}
e | C P x L —incidence relation;
e O - neighbour relation:
(N]) XoYifds,te £: X, YIs, X, Y It

(N2) st if VX IsIYIt: XY and VY [t IXIs Y ©X.
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Definition. The incidence structure IT = (P, £, I') with neighbour relation ©
is called the (right) projective Hjelmslev geometry over the chain ring R.

Notation: PHG(R%)

Theorem. ( ) For every Desarguesian Hjelmslev space II of dimension
at least 3, having on each line at least 5 points no two of which are neighbours,
there exists a Hjelmslev module M over a chain ring R such that PHG(MR) is
isomorphic to II.

. Resultate der Mathematik, 12 (1987), 148-156.

. Projektive Hjelmslev-Raume, PhD Thesis, Technische Universitat
Minchen 1988.

. Handbook of Incidence Geometry, 1995, 1033-1084.
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2.2. The structure of PHG(R’}%)

P’ — the set of all neighbour classes on points

L’ — the set of all neighbour classes on lines

I’ C P’ x L' —incidence relation defined by

[P]I/[l] & 4P € [P],E”O c [l],P()]lO

Theorem. (P, L', I") = PG(k — 1,q).
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So — a subspace with dim Sy = s — 1
P=A{SNX][X>E,S € [So]}
£ — the set of all lines incident with at least one point from [Sp];

JCP x L(So)

Theorem. (B, £,7) can be imbedded isomorphically into PG(k — 1,q). The
missing part contains the points of a (kK — s — 1)-projective geometry.
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In particular, if we take Sp to be a point, we get

Theorem. (B, £,7) = AG(k — 1,q).

, Math. Z. 112(1969), 163-180.

- J. Comb. Th. (A) 9(1970), 267-288.
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2.3. Combinatorics in PHG(R%)

|P| — all neighbours to P;

7] — all neighbours to I,

P’ — the set of all neighbour classes of points:
L’ — the set of all neighbour classes of lines.

Gaussian coefficients

s (¢¢°=1)...(¢ - 1)

[} by
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Theorem. Let Il = PHG(RY), |R| = ¢*> R/rad R= T,

The number of subspaces of dimension s is ¢5(*—5) mq, in particular, II has

2(k—2)  (¢"=1)(¢"1-1) l

k—1 —
= @ D1 "

q

pomts (hyperplanes) and ¢

Every subspace of dimension s — 1 is contained in exactly q(t s)(k—1) [t 8]
q
subspaces of dimensiont — 1, 0 < s < k.

k—1

Every point (hyperplane) has ¢ neighbours;

Given a point P and a subspace S containing P there exist ¢°~! points in S
that are neighbours to P.
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Theorem. Let II = PHG(RY), |R| = ¢* R/rad R =T,

(i) The number of points (lines) in IT is ¢*(¢* + q + 1).

(if) Every line (point) is incident with exactly ¢(q + 1) lines (points).
(iii) Every point (line) has ¢° neighbours.

(iv) Given a point P and a line L incident P there exist ¢ points on L that are

neighbours to P. Dually, there exist ¢ points through P that are neighbours
to L.
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2.4. Arcs and blocking sets in PHG(RY,)

Let IT be PG(k — 1,q) or PHG(R%,).

Definition. A multiset in IT = (P, L, I) is defined as a mapping

ﬁiP%No.

Definition. (n,w)-multiarc in II: a multiset K with
1) R(P) =n;
2) for every hyperplane H: R(H) < w;

3) there exists a hyperplane Hy: R(Hp) = w.

— ALCOMA 2010, Schloss Thurnau, 11.-18.04.2010 —
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Definition. (n,w)-blocking multiset in IT (or (n,w)-minihyper): a mul-
tiset & with

1) R(P) = n;
2) for every hyperplane H: R(H) > w;

3) there exists a hyperplane Hy: R(Hp) = w.

Definition.

m,, (R%) := maximal size k of a (k,n) — arc in PHG(R?Y,)
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3. Arcs in PHG(R%)

3.1. General bounds on arcs

Theorem. K: (n,w)-arc in PHG(R%,)

Let u = IC([x]) for some class [z].

Let u;, 2 = 1,...,q+ 1, be the maximum number of points on a line from the
i-th parallel class in the affine plane defined on [z]. Then

q+1

k Sq(q+1)n—q2ui+u.
i=1
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Corollary.

mn(R%) < max min{u(¢® + g+ 1),
n( R)_léugminw(q),q% {ule®+q+1)

¢*(n—1) +q(n —u) +u,q(g +1)(n — [u/q]) + u}.

Corollary.
¢ +q+1 for qeven,

3
ma(ftg) < { 72 for ¢ odd.
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3.2. Arcs with n =2 in PHG(RY,)

o R=74 3 (7,2)-arc;

o R=T[X]/(X?): A(7,2)-arc, 3 (6,2)-arc;

o R=7Zgy: 3(9,2)-arc;

o R =TF3[X]/(X?):3(9,2)-arc;

o R=GR(4%,2?) = Z4[X]/(X?+ X +1): 3 (21, 2)-arc

o R = F4[X]/(X?): 3 (18,2)-arc the nonempty neighbour classes lie on a

Hermitian curve in (P, L, I") = PG(2,4);
o R =T5[X]/(X?): 3 (25,2)-arc;
o R =75 3(21,2)-arc.
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Construction of Hyperovals for Chain Rings R with char R =4

e G=GR(¢*,p%) q=1p"
e Gy = GR(¢*/,p?), feN
e PHG(Gy,) = PHG(GY)

e G, contains a unique cyclic subgroup T = (n) of order ¢/ — 1, the

group of Teichmiiller units

! .
o Ty ={r€Gy|a? =z} =T;U{0}

Definition. The set

Tr={Gy |0<j<(¢ —1)/(¢—1)}

in PHG(G#/G) is called the Teichmiiller set of G¢.
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Theorem. Let G = GR(g?, p?) be a Galois ring of characteristic p* and f > 3
be an integer.

(i) If every prime divisor of f is greater than p, then no three points from the

Teichmiller set T4 in PHG(G ¢/G) are collinear.

(i) If fis even, T¢ contains three collinear points.

Theorem. If R is a Galois ring with char R = 4 then mo(R%) = ¢* +q+ 1.
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Theorem. Let R be a chain ring with |R| = ¢*, R/rad R = F,, q even, which
contains a subring isomorphic to the residue field F,. Then ma(R%) < ¢* + q.

Proof.
by — number of 2-lines that meet the "Baer’ subplane in 2 points

Count the flags (x, L), where x is a point from the hyperoval and L — a line from
the subplane:

2o =3t+ (> +qg+1—1t)-1=2t+¢*+q+1.

Theorem. ( ) Let R be a chain ring with |R| = ¢%,

R/rad R=TF, g = p™ odd, which contains a subring isomorphic to the residue
field F,. Then ma(R3) = ¢*.
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g —even || char R =2 q2+2<mn(R%)<q2—|—q
char R =4 mn(R3R):q2_|_q_|_1

g—odd | charR=p m,,(R%) = ¢>
char R = p? 777 < m,(R3) < ¢
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Problems for arcs with n = 2 in projective Hjelmslev planes

(1) Are the hyperovals obtained from the Teichmiiller sets unique?
(2) What is the maximum size of an (n, 2)-arc in PHG(R%), when char R = 27

(3) What is the maximum size of an (n, 2)-arc in PHG(R?%), for char R = p?
odd?

(4) Construct (n,2)-arcs in PHG(RY,), char R = p* odd, with ~ C'¢* points
(preferably for some constant C' close to 1).
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3.3. Constructions for General n

o for > <n<¢”+q¢ my(R)=q(g+1)n—q°

o formn=¢q¢*—1. 3 (¢* —q¢*—q,¢*> — 1)-arc forall R.

We conjecture m,(R) = ¢* — ¢°> — q.

o for ¢ —q<n<qg*—2: 3 (¢g°n — 2q,n)-arcs for every R.

e for n < 2q no statisfactory general constructions are known except for the case
n =2
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3.4. The Dual Construction in PHG(R%)

e II = PHG(RY), R - a chain ring of nilpotency index 2

e R (n,w)-arcinII

Definition. The type of a hyperplane H is the triple (ag(H ), a1(H),a2(H)):

wil) = 3 8w, a@= 3 @)
a(H) = ) S
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For a = (CL(),CLl,CLQ) € Ng x Ny x Np. define
Ao = |{H | H € H, H has type a}|,

where H is the set of all hyperplanes.
Definition. The sequence

{Aa|CLEN0XN0XN0}

is called the spectrum of K.

The set of intersection numbers of K is

W(ﬁ):{CL‘CLEN0XN0XNQ,AG,>O}.

— ALCOMA 2010, Schloss Thurnau, 11.-18.04.2010 —
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e 7: W(R) — Ng — an arbitrary function
e Define
R]T. H — I\IO
| H — 7(a(H))
o We call R the 7-dual to K
e Note: & is a multi-arc in PHG(rR").

e Parameters:

n = ZT(CL)ACL,

acW
w' = max K (r) = max R™(H).
x€P x€P

H:xecH

— ALCOMA 2010, Schloss Thurnau, 11.-18.04.2010 —
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et
T(a) = a4+ Ba; + yas,

where «, 3,7 are chosen in such way that 7(a) are non-negative integers for all

a € W(R).

R7(H) = a+ BR(H]) + (v — B)R(H).
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Theorem. Let & be a (n,w)-arc in PHG(RY,), where R is a chain ring with
|R| =¢* R/rad R=TF, Let a, 3,7 € Q be such that a + Ba; + yas € Ny
for all @ = (ag, a1,a2) € W. For any hyperplane H of type a = (ag, a1, as),
let

T(H) =7(a(H)) = a + fai + vas.

Then the type of an arbitrary hyperplane £* = &R € P in the dual geometry is
b = (bg, b1, b2), where

— ALCOMA 2010, Schloss Thurnau, 11.-18.04.2010 - 33



aq2k—2 + 5nq2k—4(q . 1) + ’771Q2k_4

—~ (6(12’“_4((1 - 1)+ vq%“l) A([z]),

ag" ("t = 1)+ Bnd" (" = 1) (g — 1) + yng" ("7 - 1)
+(6qk_3(qk —2¢" 4+ " =)+ " (T -+ 1))ﬁ([w])

—(v = B)¢***R(),

+(y = B)* T R(z).
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Example 1. The hyperoval in PHG(R%), R = GR(¢?,2%), ¢ = 2"

o We take 7: (¢%,¢+1,0) — 1, (¢*,q — 1,2) — 0, so that &7 consists of the
O-lines of the hyperoval K, taken with multiplicity 1. The mapping 7 is realized
by the choice of coefficients

e We have n = ¢* + ¢+ 1 and &([z]) = 1 for all z.
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e The possible types of lines in the dual plane:

4 _ 3
bp = 4 2q7

3 _ 2

P2 —q 1

= LoE ot )

2

1

by = %—§q2ﬁ(x)

e The dual arc is a ((¢* — q)/2,¢?/2)-arc with two intersection numbers 0
and ¢%/2. Moreover, every neighbour class of points contains exactly (¢* — q)/2
points.
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e |t can be checked that the dual arcs are optimal | i.e.

¢t —q

2 Y

mq2/2(R%) —

where R = GR(¢?, q) with ¢ = 27

e In particular, there exists a (126, 8)-arc in the Hjelmslev plane over GR(42, 22).
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Example 2. The "Baer’ subplane

o |R|=¢>=p* R/rad R= T, charR=p

o there exists a "Baer" subplane: (¢* + ¢+ 1,q + 1)-arc

o W=1{(¢%0,qg+1),(¢%*q1)}:

1
a=0,8=—

e The dual arc has the same parameters.

q(g+1)

1

=

q+1

— ALCOMA 2010, Schloss Thurnau, 11.-18.04.2010 —
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Example 3.

e A (q(q° + q+ 1), q)-arc consisting of ¢* + ¢ + 1 line segments, one segment
in each neighbour class of points, and the segments have all possible directions.

W ={(¢"a), (@ ¢~ a2}

e We have line types (¢°,q* — €q,q + €q), where e = 0 or 1, and K([z]) = ¢
for all classes of points [z].

e Take 7: W — Ny as (¢3,¢%,q) — 0, (¢°,¢* — q,2q) — 1 or, equivalently,

1 1

04:076:_ R .
q(qg+1) q+1

e The dual arc has the same parameters.
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Values of m,(R%) for Hjelmslev planes of order ¢* = 4

and ¢> =9
n/R | Zs | Fo[X]/(X?) | Zg | F5[X]/(X?)
2 7 §) 9 9
3 10 10 19 18
4 30 30
5 39 38
0 49 50
( 60 60
3 69 69
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4. Blocking Sets in PHG(RY,)

4.1. General results

Theorem. R finite chain ring with |R| = ¢, R/rad R = F,. The minimal
size of a (k,n)-blocking set in PHG(R%) is ng™ (¢ +1).

Corollary. The minimal size of blocking set is ¢™ 1(¢ + 1) and in case of
equality it contains the points of a line.
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Blocking Sets with k =¢* +q¢+1

(1) a subplane = PG(2, q)

(2) Lines: £, 1 with {g 01 X € €\€O

ORI

— ALCOMA 2010, Schloss Thurnau, 11.-18.04.2010 —
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Theorem.

Let R be an irreducible (¢° + ¢ + 1,1)-blocking set in PHG(R%), |R| = ¢7,
R/rad R = F,. Then either

(1) Supp R is a projective plane of order ¢, or else

(2) R is a blocking set of the type (2).

f R = GR(qg? p?), then & is of the type (2).
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4.2. Rédei-type Blocking Sets in PHG(R?}’%)

I'= {70 — 0771 — 17727---77q—1}
vi Zv; (mod rad R)
|Z = 0] — the line class at infinity.

Z=0]=4{aX+bY +Z=0]a,berad R}.

All points incident with lines in this class: (x,y, 2) with z € rad R.

All points outside this class: (z,y,1), ,y € R.

— ALCOMA 2010, Schloss Thurnau, 11.-18.04.2010 —
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The points of AHG(R%): (z,y), where z,y € R.
The lines of AHG(R%):
-Y =aX +0b,a,b€ R;

- X=¢cY+d de R, ceradR.

Definition. We say that a line of the first type has slope a . A line with equation
X = cY 4+ d is said to have slope o0j, if c=0v;, 7 =0,1,...,¢— 1.

Lemma. A line £ through P = (z1,%1) and Q = (z2,y2) in AHG(R%) has
slope a, a € R*, if the line in PHG(R%) through (x1,y1,1) and (z2,y2,1)
meets Z = 0 in (1, a,0). Similarly, a line £ through P and @ has slope oo; if it
meets Z =0 in (0v;,1,0).

Definition. (a) (resp. (00;)) will denote the infinite point from Z = 0 of the
lines with slope a (resp. 00;).
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Definition. Let U be a set of ¢? points in AHG(R%). We say that the infinite
point (a) is determined by U if there exist different points P, € U such that
P,Q and (a) are collinear in PHG(RY,).

Theorem. Let U be a set of ¢* points in AHG(R%). Denote by D the set of
infinite points determined by U and by D) the set of neighbour classes in the
infinite line class containing points from D. If |D| < ¢? + q then there exists
an irreducible blocking set in PHG(R%) of size ¢> + ¢+ 1+ |D| — | D] that
contains U In particular, if D contains representatives from all neighbour classes
on the infinite line, then B = U U D is an irreducible blocking set of size ¢* +|D)|
in PHG(R%,).
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Definition. A blocking set of size ¢? 4+ w is said to be of Rédei type if there
exists a line £ with |BN¥¢| =wand |BN[{]| =u.

We are interested in sets U that are obtained in the form

U=1{(z,f(z))]zec R}

for some suitably chosen function f: R — R. Let P = (z, f(x)) and Q =
(y, f(y)) be two different points from U. We have the following possibilities:
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1) if x —y & rad R then P and @) determine the point (a), where

2) if —yeradR\ (0), and f(z)— f(y) € rad R the points P and @

determine the point (00;) if

(z—y)(f(z) = f(y) ' =6y, v eT.

3) ifx—yerad R\ (0), and f(x) — f(y) €erad R, say x — y = af, a # 0,
f(x) — f(y) = b0, a,b € T, the points P and @ determine all points (c)
with ¢ € ba™! + rad R.
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Example 1.

f:a4+60b— b+ fa.

over R, : q + 1 directions;

over GR(¢?, p?): ¢* — q + 2 directions.
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Example 2.

Theorem. Let R = GR(q¢% p?), ¢ = p™, p odd. The set U = {(z, f(z) |
x € S}, where the function is defined by

| (ag,a1) if ag is a square in 'y,
)= { (—ao, —a1)

if ag is a non-square in IF,,.

q

DO | QO

2

q

5 +
directions in AHG(R%).

In particular, there exists a Rédei type blocking set in PHG(R?%) of size

3, 1
2+ 2g — -
o0 21—y
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Example 3.

Let R = GR(¢?, p?), ¢ = p®, p a prime,
Set I'(R) ={a € R| a?=a}.
a=ag+ ap a; € I'(R)

Aut R is cyclic of order s:

) 1
_ D p _
ola) =ay +ayp, 1=0,...,5s—1.

S = GR(¢*™, p?).
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Aut(S : R) is cyclic of order m and is generated by

oo(a) = ad + aip.

The trace function Tr g.g : S — R is defined by

Trg.p(x) = Z o(x).

oc€Aut(S:R)

Properties:

(1) forall @ € S and forall a € R: Tr g.g(ac) = aTr 5.pr(@);

(2) forall a, 3 € S: Trg.r(a+ B) =Trs.r(a) + Tr s.r(06);
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(3) forall c € rad S, Tr g.r(c) € rad R;

(4) for every b € R, the equation Tr g.g(x) = b has exactly |S|/|R| = ¢?(m~1
solutions.

Let R = GR(¢?, p?) and S = GR(¢*™,p?), ie. S = R[X]/(g9(X))

where ¢ is a monic polynomial of degree m which is irreducible modulo p.

Define
f(z) =Tr 5.r(x)
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and let S be an extension of R of degree m.

Theorem. Let R = GR(¢?, p?)
| x € S} defined by the function f(z) = Tr s.gr(x)

The set U = {(z, f(x))

determines
qg" —1

q
qg—1
directions in AHG(S%). There exists a Rédei type blocking set in PHG(S32) of

size

™m

m

— 1
q2m_|_qm_|_1_|_q qm_qm—l.
qg—1
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