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First example
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Theorem
There are exactly 5,524,751,496,156,892,842,531,225,600
different latin squares of order 9.

Theorem (Felgenhauer & Jarvis 2005)
There are exactly 6,670,903,752,021,072,036,060
different latin squares of order 9 of Sudoku type.

Theorem (Russell & Jarvis)
There are exactly 5,472,730,538
non-isomorphic latin squares of order 9 of Sudoku type.
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Latin square of order 3× 4 of Sudoku type
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Gerechte latin squares

1 2 3 4 5

4 5 1 2 3

2 3 4 5 1

5 1 2 3 4

3 4 5 1 2
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Gerechte latin squares

? 2 3 4 5 6 … n

1 …

…

… … … … … … … …
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Gerechte latin squares
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Some references

1. R.A. Bailey, P.J. Cameron ans R. Connelly, Sudoku, gerechte designs,
resolutions, affine space, spreads, reguli, and Hamming codes, Amer. Math.
Monthly 115 (2008), 383-404.

2. E.R. Vaughan, The complexity of contructing gerechte designs, The electronic
Journal of Combinatorics 16 (2009), R15;
also 40th and 41th CGTC, Boca Raton, FL, U.S.
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Minimal Sudoku
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First example by Paul Vaderlind

5

9

1

9

1

4

4

3

6

6

2

8

5

7

2

4 3

5

2

3

9

4 3

9

8

1

2

5

6

5

9

1

2

9

8

1

9

4

7

1

6

3

7

1

9

5

6

3

8

6

9

4

9

1

6

2
Thurnau, April 15, 2010 c© 2010 UNIVERSITÄT ROSTOCK | MATHEMATISCH-NATURWISSENSCHAFTLICHE FAKULTÄT, INSTITUT FÜR MATHEMATIK 11 / 36



First example by Paul Vaderlind - completed
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First example by Paul Vaderlind - completed

Thurnau, April 15, 2010 c© 2010 UNIVERSITÄT ROSTOCK | MATHEMATISCH-NATURWISSENSCHAFTLICHE FAKULTÄT, INSTITUT FÜR MATHEMATIK 13 / 36



Definitions

1. N(n) = max{k : ∃k MOLS of order n}

2. NS(n) = max{k : ∃k MOLS of order n of Sudoku type}

3. NS(a× b) = max{k :
∃k MOLS of order ab of Sudoku type in a× b − rectangles}
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Bounds

Theorem
N(n) ≤ n − 1.

Theorem
Ns(n2) ≤ n2 − n.

Theorem
Ns(a× b) ≤ ab − a.
Ns(a× b) ≤ ab − b.
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Bounds - Proof

1 2 … n … n
2
-n+1 n

2
-n+2 … n

2

? … …

… …

… … … … … … … … …

Thurnau, April 15, 2010 c© 2010 UNIVERSITÄT ROSTOCK | MATHEMATISCH-NATURWISSENSCHAFTLICHE FAKULTÄT, INSTITUT FÜR MATHEMATIK 16 / 36



NS(n) for small n

n 2 3 4 5 6 7 8 9 10
N(n) 1 2 3 4 1 6 7 8 ?≥ 2,≤ 8
NS(n) - - 2 - 1 - 4 6 ?≥ 1,≤ 5
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NS(n) ≥ 1

1 2 3 4 5 6 7 8 9 0

6 7 8 9 0 1 2 3 4 5

5 1 2 3 4 0 6 7 8 9

0 6 7 8 9 5 1 2 3 4

4 5 1 2 3 9 0 6 7 8

9 0 6 7 8 4 5 1 2 3

3 4 5 1 2 8 9 0 6 7

8 9 0 6 7 3 4 5 1 2

2 3 4 5 1 7 8 9 0 6

7 8 9 0 6 2 3 4 5 1
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NS(4) = 2
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NS(2× 4) = 4
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NS(9) = 6
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NS(9) = 6 in complete sets of 8 MOLS of order 9
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N(10) ≥ 2
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MacNeish

Theorem
For all m, n ≥ 2: NS((mn)2) ≥ min{NS(m2),NS(n2)}.

Example
NS(36) ≥ min{NS(9),NS(4)} = min{6, 2} = 2.
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n is the square of a prime power

Theorem
Let n be a prime power. Then NS(n2) = n2 − n.
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NS(16) = 12
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Proof:

Let
Fq ,
Fq2 = {x + αy : x , y ∈ Fq} and
F̃q2 = Fq2 \ Fq . Then the latin squares defined by

Lx(i , j) = ix + j ; x ∈ F̃q2 ; i , j ∈ Fq2 .

are of Sudoku type.
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Corollary
Let n = pα1

1 pα2
2 · · · p

αk
k and q = min{pα1

1 , pα2
2 , . . . , pαk

k }. Then
NS(n2) ≥ q2 − q.

Corollary
Let n ≥ 2. Then NS(n2) ≥ 2.
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Theorem
Let n be a prime power satisfying q = pr = ab,a = ps ,b = pt and t ≥ s . Then
NS(a× b) = ab − b.
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NS(2× 4) = 4
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Theorem
Let m, n ≥ 2. Then NS(m × n) ≥ min{N(m),N(n)}.
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Example

NS(3× 4) ≥ min {N(3),N(4)} = min {2, 3} = 2.

Let A(i) and B(i) for i ∈ {1, 2} be two MOLS of order 3 and 4.

A(1) =
0 1 2
1 2 0
2 0 1

, A(2) =
0 1 2
2 0 1
1 2 0

B(1) =

0 1 2 3
3 2 1 0
1 0 3 2
2 3 0 1

, B(2) =

0 1 2 3
2 3 0 1
3 2 1 0
1 0 3 2
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Then C (1) = A(1) ⊗ B(1) and C (2) = A(2) ⊗ B(2).

C (1) =

0 1 2 3 4 5 6 7 8 9 10 11
4 5 6 7 8 9 10 11 0 1 2 3
8 9 10 11 0 1 2 3 4 5 6 7
3 2 1 0 7 6 5 4 11 10 9 8
7 6 5 4 11 10 9 8 3 2 1 0
11 10 9 8 3 2 1 0 7 6 5 4
1 0 3 2 5 4 7 6 9 8 11 10
5 4 7 6 9 8 11 10 1 0 3 2
9 8 11 10 1 0 3 2 5 4 7 6
2 3 0 1 6 7 4 5 10 11 8 9
6 7 4 5 10 11 8 9 2 3 0 1
10 11 8 9 2 3 0 1 6 7 4 5
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C (2) =

0 1 2 3 4 5 6 7 8 9 10 11
8 9 10 11 0 1 2 3 4 5 6 7
4 5 6 7 8 9 10 11 0 1 2 3
2 3 0 1 6 7 4 5 10 11 8 9
10 11 8 9 2 3 0 1 6 7 4 5
6 7 4 5 10 11 8 9 2 3 0 1
3 2 1 0 7 6 5 4 11 10 9 8
11 10 9 8 3 2 1 0 7 6 5 4
7 6 5 4 11 10 9 8 3 2 1 0
1 0 3 2 5 4 7 6 9 8 11 10
9 8 11 10 1 0 3 2 5 4 7 6
5 4 7 6 9 8 11 10 1 0 3 2

Thurnau, April 15, 2010 c© 2010 UNIVERSITÄT ROSTOCK | MATHEMATISCH-NATURWISSENSCHAFTLICHE FAKULTÄT, INSTITUT FÜR MATHEMATIK 34 / 36



INSTITUT FÜR MATHEMATIK, Ulmenstraße 69 Haus 3, 18057 Rostock
INSTITUT FÜR INFORMATIK, Albert-Einstein-Straße 21, 18059 Rostock

http://www.math.uni-rostock.de/odsa/

OPTIMAL  DISCRETE  STRUCTURES OPTIMAL  DISCRETE  STRUCTURES 
AND  ALGORITHMSAND  ALGORITHMS

ODSA 2010
September 13 –

 

15, 2010
University of Rostock, Germany

About

 

ODSA
The

 

ODSA 2010 conference, to be

 

held

 

at the

 

University of Rostock, continues

 

the

 

ODSA series

 

following

 

previous

 

conferences

 

in 1997, 2000 and 2006. The

 

conference

 

aims

 

at the

 

interactions

 

between

 

several

 

aspects

 

of Discrete

 

Mathematics, Mathematical

 

Optimi-

 

zation, Theoretical

 

Computer Science, 
and their

 

applications. In particular, the

 

scope

 

of the

 

conference

 

includes

 

combinatorial

 

optimization

 

and algorithms

 

on discrete

 

structures, extremal

 

problems

 

in posets, design

 

theory, coding

 

theory, 
and graph

 

theory. 

Invited

 

Speakers
Béla Bollobás

 

(Cambridge, Memphis)
Michał

 

Karoński

 

(Poznań)
Kurt Mehlhorn (Saarbrücken) 
Walter Wallis (Carbondale) 
Peter Widmayer

 

(Zürich)
Gerhard Woeginger

 

(Eindhoven)

Organizers
A. Brandstädt
K. Engel
H.-D. Gronau
R. Labahn
V. B. Le
F. Pfender

Institute of Combinatorics
and its

 

ApplicationsSupported

 

by:

Thurnau, April 15, 2010 c© 2010 UNIVERSITÄT ROSTOCK | MATHEMATISCH-NATURWISSENSCHAFTLICHE FAKULTÄT, INSTITUT FÜR MATHEMATIK 35 / 36



Thank you!
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