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Overview I

e A brief introduction to quantum codes

e Symplectic codes

e The puncture code of Rains

e Quantum MDS codes

e Constructing QMDS codes of distance three

e An open conjecture
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Overview I

e A brief introduction to quantum codes

e Symplectic codes

e The puncture code of Rains

e Quantum MDS codes

e Constructing QMDS codes of distance three

e An open conjecture
— solved by Aart Blokhuis during Thursday’s lunch break
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Quantum Information I

Quantum-bit (qubit)

basis states:

general state:

i) = «|0) + B]1) where o, B € C, |af* + |B]? =1

measurement (read-out):

result “0” with probability |/

result “1” with probability |3|?
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Quantum Information I

Quantum register

basis states:

general state:

) = Z Ca|T) where Zme{0,1}n cpl? = 1

xc{0,1}"

— normalized vector in (C?)®" = C?
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Quantum Error-Correcting Codes'

e subspace C of a complex vector space H = CV
usually: H=C"C"®...0 C™ =: (C™)®"  “n qudits”

e errors: described by linear transformations acting on

— some of the subsystems (local errors)

— many subsystems in the same way (correlated errors)
e notation: C = n, k,d|,

¢"-dimensional subspace C of (C7)®"
e minimum distance d:

— detection of errors acting on d — 1 subsystems

— correction of errors acting on |(d — 1)/2]| subsystems

— correction of erasures acting on d — 1 known subsystems
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\ Basic Ideas'

partitioning of all words orthogonal decomposition

— combinatorics

— (linear) algebra

q™ dimensional < _

° codewords

e e ¢ bounded weight errors

(CH®" =He @ He, @ ... O He, @ ...

° other errors
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Quantum Error-Correcting Codes'

quantum error-correction is “linear”

If the errors A and B can be corrected,
then all errors AA + B (A, 1 € C) can be corrected.

— consider only a vector space basis of the errors

Error Basis for Qudits

[A. Ashikhmin & E. Knill, Nonbinary quantum stabilizer codes, |IEEE-IT 47,
pp. 3065—-3072 (2001)]

57::{)Q12ﬁ:¢3,B<E]Fq}7
where (you may think of C? = C[IF,])

Xo = > |lzta)z| forack,
el
and Zg = Z wtr(Bz)]zﬂz] for B € Iy (w := wp = exp(2mi/p))
z€lFq
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Stabilizer Codes'

common eigenspace of an Abelian subgroup & of the group G,, with elements

W' (Xa,Zp,) ® (Xay Z8,) @ ... ® (Xa, Zs,) = w' XaZp,

where o, B8 € F, v € TF),.
quotient group:

Gn = Gn/(wl) = (F, x )" =TF; x Ty

S Abelian subgroup
— (o, 8) x (o, 8') = 0 for all W (XaZp), w¥ (XewZg') €S,
where x is a symplectic inner product on 'l X Iy,

Stabilizer codes correspond to symplectic codes over I x IF7.
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‘Symplectic Codes'
most general:

additive codes C' C Iy x IF that are self-orthogonal with respect to

n
(v,w)* (v, w) :=tr(v-w —v  -w) = tr(z VW, — Viw;)
i=1

in this talk:

IF4-linear codes C' C IFyy x IFy that are self-orthogonal with respect to

n
N A A A o OV .
) ) T —
(v,w)x (v,w):=v - w —v -w E VW; — VW,
i=1

I ,2-linear Hermitian codes C C IFZ2 that are self-orthogonal with respect to

n
o q
THY = g X Y
i=1
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‘Symplectic Codes & Stabilizer Codes'

Theorem: (Ashikhmin & Knill)

Let C be a symplectic code over IF, x IF,, of size ¢" % and let
d := min{wgt(c): c € C*\ C}.

Then there is a stabilizer code C = [n, k,d],.

Special cases:

e O = Ci x Ci with linear codes Cy, C over IF,, C5- C C}
Calderbank-Shor-Steane (CSS) codes

e C = (C; x C; with a weakly self-dual (Euclidean) linear code C;, C C{-
over I,

o (' ={(v,w): v+ yw € C1} where (1 is a Hermitian self-orthogonal
linear code over IF 2 (with some particular v € F 2 \ IF;)
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‘Quantum Singleton Bound'

[E. Rains, Nonbinary Quantum Codes, |IEEE-IT 45, pp. 1827-1832 (1999)]

general bound on the minimum distance of C = [n, k,d]:

2d <m—k+2 (1)

Quantum MDS codes:
quantum codes with equality in (1)

Minimum distance of a stabilizer code:
dmin(C) := min{wgt(c): ¢ € C*\ C} > dmin(C™), (2)

where C' is the symplectic code corresponding to C

Note: for QMDS codes we get equality in (2)
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Shortening Quantum Codes'

[E. Rains, Nonbinary Quantum Codes, |IEEE-IT 45, pp. 1827-1832 (1999)]

e shortening of classical codes: C' = [n,k,d] - Cs =[n— 1,k — 1,d]

e for stabilizer codes:
shortening C* — C% = puncturing C' — C, = C, ¢ (C,)* =C?

General problem:
How to turn a non-symplectic code into a symplectic one?

Basic idea:

Z(ing —viw;) #0 for some (v, w), (v, w') e C

1=1
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Shortening Quantum Codes'

[E. Rains, Nonbinary Quantum Codes, |IEEE-IT 45, pp. 1827-1832 (1999)]

e shortening of classical codes: C' = [n,k,d] - Cs =[n— 1,k — 1,d]
e for stabilizer codes:

shortening C* — C% = puncturing C' — C, = C, ¢ (C,)* =C?

General problem:
How to turn a non-symplectic code into a symplectic one?

Basic idea: find (a1, as,...,a,) € I} with
Z(ing —viw;)a; =0 for all (v,w), (v, w') eC
i=1
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Shortening Quantum Codes'

puncture code of an IF;-linear code C over I, x IF';:

1
P(C) = <{c, c'}:ec € C> C Ty
with the vector valued bilinear form

{(v,w), (vlvw)} = (Uzw; — Ugwi)?zl = ]Fg
o = (041,&2,...,&”) EP(C)

<:>sz —viw;)a; =0 for all (v, w), (v',w') € C

— symplectic code C := {(v, (a;w;)"™,): (v, w) € C}
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Shortening Quantum Codes'

a € P(C) with wgt o = 7

e delete the positions with a; = 0

~

o (), is still a symplectic code

— code C of length 7 = r with C C C*

Theorem: (Rains)

Let C be a code over Iy x Iy with C* = (n, g, d).

If a € P(C') with wgt(a) = r, then there is a stabilizer code
C=[rk>r—(n—k),d>d],

In particular:

C=[nk,dly SC=[rk>r—(n—k),d>d,
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The Easy Case: CSS-like Construction'

[Rotteler, Grassl, and Beth, ISIT 2004]

e start with a cyclic (constacyclic) MDS code C; over I, of length ¢ + 1
e in general, Ci ¢ C4
e compute P(C) for C = C{ x Ci-:
P(C) = <(cz-di)?:1: c.dc Of>L
e o', o’ roots of the generator polynomial of C;

— '™/ is a root of the generator polynomial of P(C)

e P(C) is also a cyclic (constacyclic) MDS code which contains words of
“all” weights

Quantum MDS codes C = [n,n — 2d + 2,d], exist for all 3 <n < ¢+ 1 and
1<d<n/2+1.
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\The Harder Case: Hermitian-like Construction'

e start with a cyclic (constacyclic) MDS code C over I 2 of length ¢* + 1

e in general, C' is not a Hermitian self-orthogonal code
i
o P(C) = <(cid§)?}:1: ¢, d ¢ 0> AT
i
= <<Czd3 + C?dﬂy’:l cc,d e C>

o ( is the dual of a code whose generator polynomial has roots at, o/
— a't% is a root of the generator polynomial of P(C)

e P(C) is also a cyclic (constacyclic) code, but in general no MDS code

e known so far [Beth, Grassl, Rotteler|, [Klappenecker et al.]
— QMDS codes exist for some n > g+ 1 and d < g+ 1, including ¢° — 1,
¢*, ¢* +1

— some other QMDS codes, e.g., derived from Reed-Muller codes
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‘QMDS of Distance Three'

g*-ary simplex code C = [¢* + 1,2, ¢*],2 generated by

G:10111...1:g()7

01 1 w w? ... w2 g1

where w is a primitive element of GF(q¢?)

Considered as IF';-linear code generated by

{90796 — ag()aglag/l — Oégl}

where o € GF(¢?) \ GF(q)
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\The Dual of the Puncture Code'

P(C)" = (98", 900917 + gf 0 g1, go 0 a’g] + g§ o agr, g1 ")
= (fo, f1, 2, f3).
using v o w = (ViW1, VaWs, . . ., VWy ) and ™ = (V7,05 ... o)
We have
fo= 27"
fl = 2% + 21 = homogen, (z 4 %) = homogen, (tr(x))

fo = alz9z + axz? = homogen, (ax + a?z?) = homogen, (tr(ax))

f3 = gt
Choosing a € F 2 \ F, with —a* = B1a + 1 for some 8 € T, yields
fi+Bififa+ f3 = (A=) fofs
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Ovoid Code'

Lemma: The dual of the puncture code is an ovoid code, i.e.

P<O>J_ — [q2 + 1,47(]2 T Q]q

(see, e.g., Example TF3 in [Calderbank & Kantor, 1986])

This code is a two-weight code with weights ¢°> — ¢ and ¢°.

1 for 2 =0,
L@t fori=g—g

(¢ +1)(g—1) fori=g?

L0 else.
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\The Dual of the Ovoid Code'

Problem: We need the non-zero weights of the puncture code P(C).

The homogenized weight enumerator of P(C)=t is
Weeye = X7 + (> +¢)(q — VXY 04 (2 + 1) (g — DXYT
MacWilliams transformation yields

WP(C’) (X7 Y) — q_4 WP(C’)l(X + (q - 1)Y7 X — Y)

q°+1
3 ey
i=0

Conjecture: For ¢ > 2, the code P(C') contains words of all weights
w=4,....¢°+1,i.e., B; >0.

Confirmed for the first 50 prime powers as well as for small weights.
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\ Geometric Proof'

THANKS to Aart Blokhuis

Main idea: Show that we can find a linear combination of exactly w points of
the ovoid that is zero, corresponding to a word of weight w in the dual code.

e Choose 5 points Qg, ..., Q4 of the ovoid O in a plane P (for ¢ > 4).
e Choose 2 points P; and P, of the ovoid outside of the plane.

e Any point in the plane can be expressed as linear combination of exactly 4
points ();.

e Choose m = w — 4 other points and consider their sum S.
— If § € P, use exactly 4 other points (); to get zero.

— Otherwise, consider the intersection of P with the line through S and
Py (or Py if S = Py). Use exactly 3 other points ); to get zero.
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\ Conclusions I
Theorem:

Quantum MDS codes [n,n — 4, 3], exist for all 4 < n < ¢* + 1 and prime
powers q > 2.

Extends Ruihu Li & Zongben Xu, On [n,n — 4, 3], Quantum MDS Codes for
odd prime power ¢, arXiv:0906.2509 using different methods.

Further research:
e Find quantum MDS codes of of length n > ¢+ 1 and d > 3.
e For which ¢, n, d do QMDS codes [n,n — 2d + 2, d]], exist?
e Characterize P(C') for classes of codes.

e Develop general methods to determine the non-zero coefficients of the
weight distribution.
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