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Self-dual codes and orthogonal group

Definitions

» A binary linear [n, k] code C: a k-dimensional subspace of F}
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A binary linear [n, k] code C: a k-dimensional subspace of ]
wt(x) := #{i : x; # 0}, the (Hamming) weight of
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A [n, k, d] code:a linear code of length n, dimension k and
minimum weight d

Ct:={xeFy:Vye Cxy:=>" xy =0}
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X = (X1, X2, .., Xp)
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A [n, k, d] code:a linear code of length n, dimension k and
minimum weight d

Ct:={xeFj:Vye C,xy:=> ", xy =0}
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Definitions

>

A binary linear [n, k] code C: a k-dimensional subspace of ]
wt(x) := #{i : x; # 0}, the (Hamming) weight of
X = (X1, X2, .., Xp)

d(C) := min{wt(x) : x € C}, the minimum weight of C
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A [n, k, d] code:a linear code of length n, dimension k and
minimum weight d

Ct:={xeFj:Vye C,xy:=> ", xy =0}
Self orthogonal if C ¢ Ct and self-dual if C = C+
A self-dual code C of Type Il: ¥x € C,wt(x) =0 (mod 4)
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Self-dual codes and orthogonal group

Definitions

>

A binary linear [n, k] code C: a k-dimensional subspace of ]
wt(x) := #{i : x; # 0}, the (Hamming) weight of

X = (X1, X2, .., Xp)

d(C) := min{wt(x) : x € C}, the minimum weight of C

A [n, k, d] code:a linear code of length n, dimension k and
minimum weight d

Ct:={xeFj:Vye C,xy:=> ", xy =0}

Self orthogonal if C ¢ Ct and self-dual if C = C+

A self-dual code C of Type Il: Vx € C,wt(x) =0 (mod 4)

A self-dual code C of Type I: not Type Il
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Self-dual codes and orthogonal group

» If C = Ct then
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Self-dual codes and orthogonal group

» If C = Ct then

> o n=2k.

Presented by Lin SOK, Telecom Pari Orthogonal group, self-dual codes and Boolean fi



Self-dual codes and orthogonal group

» If C = C*t then
> o n=2k.
» o Vx € C,wt(x) =0 (mod2).

Presented by Lin SOK, Telecom ParisTech Orthogonal group, self-dual codes and Boolean functions



Self-dual codes and orthogonal group

If C = Ct then

e n =2k

o Vx € C,wt(x) =0 (mod2).
e (1,1,..,1) e C.
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Self-dual codes and orthogonal group

» If C = C*t then

> o n=2k.

> o Vx € C,wt(x) =0 (mod2).

» e (1,1,..,1) e C.

» If (Ic|M) is a generator matrix for a self-dual code C then

MMT = |.
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Self-dual codes and orthogonal group

» If C = C*t then

> o n=2k.

> o Vx € C,wt(x) =0 (mod2).

» e (1,1,..,1) e C.

» If (Ix|M) is a generator matrix for a self-dual code C then
MMT = I.

> O, :={M € GL(n,F2)[MMT = I,} is called the orthogonal

group of n X n matrices over [Fy.
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Self-dual codes and orthogonal group

Generation theorem for orthogonal group

Theorem (Janusz)

Let P, denote the group of all n x n permutation matrices, u a
vector of even weight in F§ and T, : x — x + (x.u)u,Vx € FJ.
Then the orthogonal group O, are generated as follows

(1) for1 < n<3, Op="Py,

(2) forn >4, O, =< Pp, Ty, >, with wt(u) = 4.

Presented by Lin SOK, Telecom ParisTech Orthogonal group, self-dual codes and Boolean functions



Self-dual codes and orthogonal group

Upper bound of minimum weight for self-dual code

Theorem (Rains and Sloane)

Let C be a binary self-dual code of length n then the minimum
weight of C is upper bounded by

4 (5] +4, ifn#22 (mod 24),
d(€) 3{ 4(2]+6, ifn=22 (mod 24).
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Self-dual codes and orthogonal group

Numerical result for some extremal codes

» Definition
A self-dual C is called extremal if d(C) attains one of the bounds
above.
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Self-dual codes and orthogonal group

Numerical result for some extremal codes

» Definition
A self-dual C is called extremal if d(C) attains one of the bounds

above.

» Theorem
There are at least 288 extremal codes of length 56 and at least 71

extremal codes of length 74.
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Construction method

Subtraction procedure (11)

» [n+2,n/2+1,d+2] — [n,n/2,> d]
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Construction method

Subtraction procedure (11)

» [n+2,n/24+1,d+2] = [n,n/2,> d]

> e
0 1
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Construction method

Recursive construction (Gaborit and Melchor)

» [n,n/2,>d| = [n+2,n/2+1,d+ 2]
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Construction method

Recursive construction (Gaborit and Melchor)

» [n,n/2,>d]| = [n+2,n/2+1,d+ 2]

> e

Presented by Lin SOK, Telecom ParisTech Orthogonal group, self-dual codes and Boolean functions



Construction method

Recursive construction (Gaborit and Melchor)

» [n,n/2,>d]| = [n+2,n/2+1,d+ 2]
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Construction method

Dimensions of subcodes of 58671 [36, 18, 6] codes

dim k | num || dim k | num | dim k | num

2 148 8 4615 14 8170
5 9 911 15 5311
666 10 7165 16 6290
45 11 2299 17 4492
2165 12 8411 18 3615
263 13 4100

~N o o~ W
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Construction method

Dimensions of subcodes of 58671 [36, 18, 6] codes

dim k | num || dim k | num | dim k | num

2 148 8 4615 14 8170
5 9 911 15 5311
666 10 7165 16 6290
45 11 2299 17 4492
2165 12 8411 18 3615
7 263 13 4100

» In terms of equivalence test, the recursive construction is very
fast since most of the subcodes are of large dimension k.

v
[oXBNE) IS V)
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Classification of extremal codes of length 38

Classificaion of extremal [38,19,8] self-dual codes

Theorem
There are exactly 2744 inequivalent self-dual [38,19,8] codes.
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Self-dual bent functions and formally self-dual functions

Boolean functions

» Boolean function: f : Fj — [,
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Self-dual bent functions and formally self-dual functions

Boolean functions

» Boolean function: f : F5 — F»

» Truth table: f := (fo,f1, -+, fan_1), fo := f(a) with
a:=>" 32 :=a1a--a, €F}
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Self-dual bent functions and formally self-dual functions

Boolean functions

» Boolean function: f : F5 — F»
» Truth table: f:= (fo,f1, -+, fan_1), fo := f(a) with
a:=>" 32 :=a1a--a, €F}

» Sign function:
Fi= (1) = ((-1)% (-1)" - (-1)>1) e {-1,1}*
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Self-dual bent functions and formally self-dual functions

Boolean functions

>

Boolean function: f : F5 — F»
Truth table: f := (fy,f1, -+, fan_1), f := f(a) with
a:=>" 32 :=a1a--a, €F}

v

v

Sign function:

Fi=(1" = (D% (=D, (1)) € {-1,1}%
Support code of f: Cr:={u e Fj: f(u) =1}
Walsh-Hadamard transform (WHT) of f:

'E(U) = Zvng(—l)f(vHu'v

v

v
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Self-dual bent functions and formally self-dual functions

Boolean functions

» Boolean function: f : F5 — F»
» Truth table: f:= (fo,f1, -+, fan_1), fo := f(a) with
a:=>" 32 :=a1a--a, €F}
» Sign function:
Fi=(1" = (D% (=D, (1)) € {-1,1}%
» Support code of f: Cr:={uecF]:f(u)=1}
» Walsh-Hadamard transform (WHT) of f:
Flu) = Xy (D)0

» Matrix form of WHT: F = FH,,

with H; == ( 1' jl > and H, = < Zn—i 7HI:,I—11 >
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Self-dual bent functions and formally self-dual functions

Self-dual bent functions

> fis called bent if F(u) = +2"/2 Vu € FJ.
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Self-dual bent functions and formally self-dual functions

Self-dual bent functions

> fis called bent if F(u) = +2"/2 Yu € F3.

» If f is bent then there exists a function f with its sign
function F such that FH, = 22 F.
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Self-dual bent functions and formally self-dual functions

Self-dual bent functions

> fis called bent if F(u) = +2"/2 Yu € F3.

» If f is bent then there exists a function f with its sign
function F such that FH, = 22 F.

» fis called self-dual if f = f.
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Self-dual bent functions and formally self-dual functions

Self-dual bent functions

f is called bent if F(u) = =+2"2 Yu € F3.

If fis berlt then there exists a fgnction f with its sign
function F such that FH, = 22 F.

f is called self-dual if f = f.
f is self-dual iff F = 272 FH,,.

v

v

v

v
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Self-dual bent functions and formally self-dual functions

Some known results

» Theorem (Carlet, Danielsen, Parker and Solé)

If f self-dual bent function, L € O,, ¢ € Fa, b € FS, wt(b) even,

then g(x) = f(L(x + b)) + b - x + c is also self-dual bent.
In this case we say that g and f are equivalent.
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Self-dual bent functions and formally self-dual functions

Some known results

» Theorem (Carlet, Danielsen, Parker and Solé)

If f self-dual bent function, L € Op, c € Fp, b € Fj, wt(b) even,
then g(x) = f(L(x + b)) + b - x + c is also self-dual bent.
In this case we say that g and f are equivalent.

» Theorem (Carlet, Danielsen, Parker and Solé)

There are 1, 2 and 8 equivalence classes of self-dual bent functions
in 2,4 and 6 variables respectively.
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Self-dual bent functions and formally self-dual functions

Formally self-dual functions

» Weight enumerator of a code C of length n:
We(x,y) =30 o Ai(C)x'y™ ", A;i(C): number of weight-i
codewords in C
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Self-dual bent functions and formally self-dual functions

Formally self-dual functions

» Weight enumerator of a code C of length n:
We(x,y) =30 o Ai(C)x'y™, A;i(C): number of weight-i
codewords in C

» Formally self-dual code w.r.t We: We(x,y) = WC(TV %)
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Self-dual bent functions and formally self-dual functions

Formally self-dual functions

» Weight enumerator of a code C of length n:
We(x,y) =30 o Ai(C)x'y™, A;i(C): number of weight-i
codewords in C
» Formally self-dual code w.r.t We: We(x,y) = WC(Ty %)
» Near weight enumerator of a code C:
WE(x,y) i=22"1x" + Wc(x,y)
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Self-dual bent functions and formally self-dual functions

Formally self-dual functions

» Weight enumerator of a code C of length n:
We(x,y) =30 o Ai(C)x'y™, A;i(C): number of weight-i
codewords in C

» Formally self-dual code w.r.t We: We(x,y) = WC(Ty %)
» Near weight enumerator of a code C:
Wih(x,y) = 237 1x" + We(x, y)
» f, formally self-dual function w.r.t its near weight enumerator
. Cr, formally self-dual code w.r.t Wct
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Self-dual bent functions and formally self-dual functions

Propositions

» Proposition (Hyun, Lee and Lee)

Let f be a formally self-dual function in n variables with respect its
near weight enumerator. Then

g
We, (x,y) = =227+ 3 "2 + )y — v?Y, (1)

where a;’s are integers.
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Self-dual bent functions and formally self-dual functions

Propositions

» Proposition (Hyun, Lee and Lee)

Let f be a formally self-dual function in n variables with respect its
near weight enumerator. Then

We,(x,y) = 2272+ a2 +y2) (v — y2Y, (1)

where a;’s are integers.

» Proposition (Hyun, Lee and Lee)

Every self-dual bent function is formally self-dual function with
respect to its near weight enumerator.
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Self-dual bent functions and formally self-dual functions

Weight distributions of support

Table: Weight distributions of support code for n = 2

i 0 1 2
Al 0 0 1
» A2 1 1 1
A0 10
Al 1 2 0
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Self-dual bent functions and formally self-dual functions

Weight distributions of support

Table: Weight distributions of support code for n = 2

i 0 1 2
Al 0 0 1
» A2 1 1 1
A0 1 0
Al 1 2 0

» With weight distribution A1 [0,0,1], the formally self-dual
function is of weight 1 =0+ 0+ 1 and it corresponds to a
codeword (f = (fy, f1, 2, 3) = (0,0,0,1)) of weight 1 in the
Reed-Muller code RM(2, 2).
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Self-dual bent functions and formally self-dual functions

Weight distributions of support

Table: Weight distributions of support code for n = 2

i 0 1 2
Al 0 0 1
» A2 1 1 1
A0 1 0
Al 1 2 0

» With weight distribution A1 [0,0,1], the formally self-dual
function is of weight 1 =04 0+ 1 and it corresponds to a
codeword (f = (fy, f1, f,3) = (0,0,0, 1)) of weight 1 in the
Reed-Muller code RM(2,2).

» We have additional information on weight of formally self-dual
functions (self-dual bent functions) that are codewords of
ReedMuller code.
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Classification of self-dual bent functions

Table: Weight distributions of support code for n = 4

o
N
w
S

%
HHHHHRPRPRPRPOOOOOOOO
B PR WWNNRORMWNNKRROO|R
BWRAWWEEBRENNMNWNNWNW
ONFHRWEANWRAORONWRBN
HOHOORRPRHROOHOOHROHR
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Classification of self-dual bent functions

Deducing self-dual bent functions

To deduce the self-dual bent functions in n variables of degree r

» Calculate the weight distributions of support code and then
the weights d;(= | C¢|) of the corresponding formally self-dual
functions.
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Classification of self-dual bent functions

Deducing self-dual bent functions

To deduce the self-dual bent functions in n variables of degree r
» Calculate the weight distributions of support code and then
the weights d;(= | C¢|) of the corresponding formally self-dual
functions.

» for each codeword f of weights d; in RM(r, n), if
F = 273 FH, then f is self-dual bent.

Presented by Lin SOK, Telecom ParisTech Orthogonal group, self-dual codes and Boolean functions



Classification of self-dual bent functions

Thank you!
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